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ABSTRACT
The explicit expression of the smallest constant C satisfying
N 1) 2 .
lim sup | {3 — 15| £ C. limsup|d, |
AP w n—c

for all sequences {s,} satisfying lim sup, + oo |[ddl <00, where {#iD}, {#»} are
two generalised Hausdorff transforms of {s,,}, {d,.} is the generalised (C, a)-
transform (0 £ a < 1) of {A,. a,.} and n(1, m(%) are suitably related, is obtained.
These results are obtained by using new properties of positive approximation
operators and generalised Bernstein approximation operators.

1. Introduction. Let {s,} (s, = ap+a; + - +a,, n = 0) be a real or com-
plex sequence. Denote by {£{"} and {r¥}

o0

(L.1) W= Zals,, n20 (j=12)
=0

m=

two linear tranrforms T, and T, of {s,}. Estimates of the form

1.2) Iirr:jup |3 — 18] = C.limfupld,,l
for sequences {s,} satisfying
(1.3) lim sup Id,,l < @

n—w

where {d,} is a certain fixed linear transform of the sequence {a,} (n = 0) and
n(A) » oo, m(A) » o (4 1c0) depend on the transforms Ty, T, and {d,} were
considered for the first time by Hadwiger [2]. The smallest value of C satisfying

(1.2) for all sequences {s,} satisfying (1.3) is known as the Tauberian constant
associated with the pair of transforms T;, T, and {d,} .
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In §2 we obtain the explicit expression for the Tauberian constant associated
with a pair {£"}, {¥’} of generalized Hausdorff transforms and a sequence {d,}
of generalized Cesaro transforms of order « (0 < « =< 1) of the sequence {1,a,} .
The cases & = 0 and « = 1 were considered before for various classes of pairs
of transforms. The case 0 <« <1 was considered for only one pair of trans-
forms before (see [7]).

In §3 we obtain general results about properties of pairs of approximation
operators which extend results of [8].

In §4 we give various properties of generalized Bernstein approximation
operators.

The results of §§3 and §4, which are interesting by themselves too, are used
in §5 in the proof of the results of §2.

§2. Tauberian comstants. For a fixed sequence {b,} (n = 0) denote by b,!
the product b+ b,. Forn zm 20 denote by d,!/d,! the product d,, ., --d,
if m < n and the number 1 if m = n, even if some of the numbers b, are zero
or 0. The symbol b,! does not denote here I'(b, + 1). The Binomial coefficien

(Z) is defined by
(7) = v+ 01+ nre-p+ ).
For a fixed sequence {4} (k = 0) satisfying

+ o

llMg

@.1) 0 = dg<iy < <At o, 11_
(n

the regular generalized Hausdorff transformation {H, (ﬁ)} = 0) of a sequence

{sn} is defined (see [6]) by
1t n
Hn(ﬁ) = 2 Pnk(t)skdﬁ(t)a n= 0: 1529"'
0 k=0

where B(¢) is a function satisfying

2.2) B(¢) is normalized and bounded variation in [0,1],
BO) = pO+)=0and p1) =1
and (see, [11, §2.7, (®)]).

—1 AN A [ et if 0<k=Zn
Pnk(t)={( Y 2l A L ] ks
0 if k>n

2.3)
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where the divided differences of a sequence {g,} (n = 0) with respect to the fixed
sequence {4} is defined by
(24) [.“k] = M [ﬂk,"'aﬂnﬂ] = {[ﬂk,"‘a.un] - [#k+1""?"'”n+1]}/(lk -4 41).

With the fixed sequence {A,} we associate the sequence p, = 1,/4; (n 2 0), and
we define for n, k=0

(2.5) e = [(1 = 1p )1 — 1/p) 1] 4 .
We have
{unk/amk = Uy for n,m, k=1,2,
< < f <k=
2.6) 0o, =1 or 0Zk<n
oo = 0 for n=1
Oty < Oy gt 1 for n=1,2,---and k = 0,1,2--

For a sequence {s,} (s, = ao + - + a,) define for a fixed « = 0 the sequence
{a®} (n = 0) as the Generalized Hausdorff tranrform of the sequence {1,a,}
corresponding to the function WY,() =1—-(1-0)%if «a>0 and W¥y(1) =0
(0 < t<1), ¥o(1) = 1. That is, {a} is the generalized Cesaro transform of
the sequence {4,a,} (n = 0).

THEOREM 2.1: Let (H,B) and (H,y) be regular generalized Hausdorff trans-
1 1

formations such that f l—B—gt)—idt < o and f |—Zg—t)idt < 00. Let o be a fixed
0 0

number satisfying 0 < a < 1. For a sequence {s,} satisfying al = 0(1) we

n

have, for each q, 0<q < 1, and any pair of integral valued functions n(2),
m(A) satisfying n(A) = oo and m(A) = © , %y mcay = q a5 A— 0, and ultimately
n(A) z m(4),

Q.7 lin: sup | Hy(8) — H,(y)| £ F{” - lim sup | a” |
where

(2.8) T1 —a)[ (1 + ))F? = f oq|dx{ th“d, ( f(u—t)““ ﬂu“—)du) +

+ foxt“d,( L l(llut—)_—adu)- f:/qt“d, ( ft 1(u—t)_“—1(-3—)—du}l+

+ le“ldx (Jj(t—x)_“ l—:tﬁﬁdt’ .
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The constant Ff;’) is the best in the following sense. There is a real sequence
{s,} satisfying a® = 0(1) and such thatiboth members of inequality(2.7) are
equal,

Theorem (2.1) for « = 0 and either B(¢) or y(¢) equal to the function which is
zero for 0 < t <1 and is equal to 1 for ¢t = 1 is Theorem (3.1) of [8]. Theorem
(2.1) for « = 0 and the additional assumptions that [3x™*(/5|dB(®)|)dx < oo
and [Sx~'(f%|dy(n)|)dx < o was proved by A. Meir in [12].

THeOREM 2.2. Let (H,B) and (H,y) be regular generalized Hausdorff trans-
formations. For a sequence {s,} satisfying aM=0(1), each q,0<q < 1, and
any pair of integral valued functions n(1), m(3) satisfying the same assumptions
as in Theorem (2.1) we have the following results: (1) If 0< g <lorq =1 and

m(X) < n(A) for i>A,

f lﬁ(t)ldt<oo, f “(’)ldK
o I 0

and either a) () is absolutely continuous in each interval 6,1 — 6] (0 <6 < ")
and B(t) is continuous at t = g, or b) f(t) is absolutely continuous in each
interval [6,9 — 0] (0 <0 <34q), (1) is continuous in some interval [0,q + €]
(e > 0) and ¥(¢) is continuous in 0 < t <1, then

29 hm Sup | H,(8) — Hu(y)| £ F"  lim sup |al"|

n~ro

where
(ﬂ——————(“) u”i(“/‘”)]ﬂl y(1-0)| + j la (l“ui‘))‘

(3 =91) ©=1<1), 7,(1) =y1—-0)and for g =1

Ll“]d(l——"fﬂ) | =11-pa-0).

(D If g =1, m() = n(d) for 1> A and
J‘ ' 8@ = ()|
o t

(2.10) F{V= fo

dt< oo,

then (3.9) is true with

(2.11) FP = Lluldﬁ‘@;—”ﬂll+lﬁ(l—0>—ya—-0)t
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(B,(t) is defined in the same way as y,(t). In both cases (I) and (1) the constant
F" is the best in the following sense. There are real sequences {s,} such that
al? = 0(1) and both sides of (2.9) are equal.

Theorem (2.2) with the assumptions that y(f) and f(f) are continuous in
0 <t £ 1 and have continuous derivatives for 0 < <1 was proved by A. Meir
[13].

Theorem (2.2) with y(f) equal to the function which is zero for 0 < t <1 and
is equal to 1 for ¢t = 1 is Theorem (3.2) of [8]. The constant B, which appears
there should be corrected to F{" as in (2.11) here.

Results similar to Theorems (2.1) and (2.2) can be obtained for the difference
of two regular [H,a, ()], transforms (see [8, p. 191]).

The proof of Theorems (2.1) and (2.2) is given in §5.

§3. Some results about positive approximation operators.

In this paper each function g(t) of bounded variation in a closed interval [a,b]
is extended to R' by the definition g(f) = g(a) for t<a and g(t) = g(b) for
t>b.

Unless otherwise stated we assume that each function g(¢) of bounded varia-
tion in a closed interval [a,b] is normalized that is g(a) =0,

g(t) =%4g(t—0)+g(t+0)] for a<t<b.

We use here the definition of Riemann-Stieltjes integrals given in [4]. We
use freely the fact that the existence of a Riemann-Stieltjes integral f(’, f(Hdg(H
where g(t) is of a bounded variation in [0.1] implies the existence of the Lebesgue-
Stieltjes integral fio.;3f(f)dp, in sense given in [14] where ¥y is the Lebesgue-
Stieltjes measure in R" generated by the function g(f) extended to R! as mentioned
above and modified so as to be continuous on the right in R*.

We prove here the following result.

THEOREM 3.1. Let s5,(u) and h(u) (n =20, x = 0) be normalized functions
of bounded variation in [0,1] and [0,a] (0 <a < + ), respectively, con-
tinuous at u = 0 and satisfying

1 a
3.1 J; |d{s,,(u) - so(u)}| =0 (n-> ), J; Id{hx(u) — ho(u)} | - (x—00).

Forn,k =0,1,2,--- and x 2 0 let P, (u) and P%(u) be non-negative continuous
Sunctions in [0,1] and [0,a], respectively, satisfying
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[+ o) e o]
(3.2 sup X P, uw)=K<ow, sup XPHu)=N<oo.
nz0 k=0 xz0 k=0
0=us1 O0=sSusga

Forn=N,N+1,-,k=0,1,2,--- and x 2 xg 2 0 let a,, and p, be non-
negative real numbers and functions (of X) satisfying

(0Saus1  f Puw#0 for0susi,
0o = 0 Jor n = N,

33) < Ok = Ong Jor n 2 N if, and only if, k = q,
0<pu=a if PRw#0 for0=sucga,
Pwo=0 Sor x = X (all sufficiently large x)
~-p,‘,,‘=pxq Jor x =2 X if, and only if, k=gq.

Suppose for each real and bounded function f(t) in [0,1] and each real and
bounded function g(t) in [0, a] we have at each point of continuityt = u(0<u £1
of f() and t = u (O<u=<a) of g(t)

lim T Py(u)f (o) = /)

(3.4) )
lim X Pi(u)glp.) = gu)

X0 k=0
Let n(A) (A > 0) be a positive integral valued function x(2) (A > 0) a real positive
Sfunction satisfying
nA) >, x(A)—> o as A+ o©
(3.5) For pyay.nay = q(A) we have 0 <qg(d) £ a if A>A
gA)-g @A-+ow and 0<qg=a

First conclusion: For a fixed value of 1 0 £ t £ a we have for n = n(3), x = x(4)

(6 lm I | folP,,k(u)ds,,(u) - L aP;‘k(u)dhx(u)l = L |dsw)|

A2k
PxkSt

where S(u) = so(u/q) — ho(u), if one of the following two assumptions is satisfied.
(1) The function S(u) is continuous at u =1t if 0 < t<a (if t = a it is not
assumed that S(u) is continuous at u = t = a) and for x = x(4), n = n(4)

1
(3.7) i 3| [ (Pu - i@} dste) | = 0.

0

A k
Pyk St
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(II) The function S(u) is continuous at each point of the interval
[0,min(t,q)] — {0, 0,ay (Where &, is the Kronecker symbol), we have
Okl = Pin Jor any x,n,k >0 and in case t = q the function hy(t) is con-
tinuous at each point of the interval [q,t] — {1} and for n = n(d), x = x(2)

1
63 im 3| [, (Pu - Pha)dhtan) | = 0.
x—’ooprét °

Second conclusion: We have for n = n(4), x = x(4)

69 am T | [ruwisw - [ Prwane| = ["dsw)

X w
Pxic=q(R)

if one of the following two assumptions is satisfied. (III) The function S(u) is
continuous at t = q and condition (3.7) is satisfied for some t such that
g<t=Zaifg<aandt=aif q=a. (IV) The function S(u) is continuous
at each point of 0 £ u £ q, for some ¢ > 0 the function h(t) is continuous at
each point ¢ £ u < q + ¢ and for some t such that g £t < a if g<a and
t=aif qg=a.

Theorem (3.1) remains true if the interval [0,1]or [0,a]or both are replaced
by finite or infinite intervals, and n(4), x(A) are real functions or integral valued
functions, if the necessary obvious changes are made in the assumptions of the
theorem. Also, it is possible to obtain results similar to those of [8, §2].

Theorem (3.1) for h,(u) = 0 and some additional restrictions on the functions
s,(1) was proved in [8, §2].

In the proof of Theorem (3.1) we use the following two results.

Lemma 3.1. Let oft) be a normalized function of bounded variation in
[a,b]. Let o,(t) (n = 1) be functions of bounded variation in [a,b] not neces-
sarily normalized. Suppose

lim afa) = a(a), Hm « b) = a(b)

and
lim «,(u) = a(u) at each point of continuity of a(u).
Then

b b
f | do(u)| < liminf f | doty(u)|.

Lemma (3.1) is an extension of [16, Corollary 16.4, p. 32]. Its proof is similar.
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LemMMA 3.2. Suppose the functions Py(u) and the numbers oy (n,k = 0,1,2
satisfy the assumptions of Theorem (3.1). Let B(u) be a function of bounded
variation in [0,1] and continuous for u = 0. For a fixed t,0 <t < 1 we have

1

1 t
im % [ Pu@dpe) = tim { S Pu(u) dp(u) = f dpu)
e sr 0 e 0 anlfét °

1 1 1
im 2 [ Pu@dpe) = lim [ = Puw) ap) = [ apw
n—w a,‘th n—~w JO an:gt :

if for 0 £ t <1 P(u) is continuous at u = t.

Proof. The equality

1 1

)X f Py(u)dp(u) = f Y Pa(u) df(u)

k 0 ] k

apk St St

follows by Beppo-Levi’s theorem if we note that a Riemann-Stieltjes integral
is equal to the corresponding Lebesgue-Stieltjes integral. Also by (3.4) (for the
function fw) =1 O S u <0, fW)=00<us1)if0=<t<1lor flu)=1
O=2ugs)ift=1) we get

lim E P nk(u) = lim Z P nk(u)f (ank) = f (u):

n— n—+w k=0
a, kSt

forO<u<l,u#tif0=<t<landforO<u £1ift=1. Since the function
B(u) is continuous at u = 0 and u = ¢ (if 0 <t < 1) we see that we have

lim 2 Puw) = f(w)
n—ow a,,kSt

almost everywhere in [0,1] with respect to the Lebesgue-Stieltjes measure gen-
erated by p(u). Hence by Lebesgue’s dominated convergence theorem we have

1 1 1
im £ [ Puwdpe) = f F@)dpw) = f apu).
=0 a,‘:gt 0 0 1]

The proof of the second consequence of the lemma is the same.
Proof of the first conclusion of Theorem (3.1) for assumption (II). Define
for x = x(4), n = n(d)

1 a
(10) w®) =0, @ = = { f Pouu)ds,) — f P;'L(u)dhx(u)},0<v <a
k 0 0

Pak SV
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We have for O0<v < ¢

1 a 1
z { f P(u)ds, (1)~ j PR@dn | = T [ Putdlsoln—hog)

= 3 [ Pawdngw
k

q

IA

P kEV

1
+ zk; ) {Pu(u)—-P wlqu)}dho(qu)

v

A

P

(3.11) + % J; 1 P(u)d{s,(u) — so(u)}

p.x=0v

> f " PR )d{o() — b))

PSSV
= IO +IP+IP+ TP+ 0.
By (3.1) and (3.2) we get

(3.12) lim J® = lim J{® = 0.

A= © A

By (3.8) we get

(3.13) lim J® = 0.

A-r o

By the assumptions on the continuity of the function hq(u) and Lemma (3.2)
we get for 0<t £ x

0 if v<g
(3.14) lim J® = v
e —f dhou) if gZv=a.
q

By (3.3) and (3.5) we have for 1 > A,

(3.15) {k|pu <0} = {k
By Lemma (3.2) and (3.15) we get

% < 0/q(A)}.

1
(3.16) lim JP = de(u) if g<v=t.
0

A=
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Suppose 1> A;. We have by (3.15)

1
(3.17) J = X o+ )Y , f P, (u)dS(qu)
ankékv/q a..ke(v/q(ljl)-v/-ﬂ °

= J£11)iJ§12)
Assume 0 <v < g, 0<v £ t. Choose ¢(,¢, > 0 such that 0 < v/q — &, < v/[q(1)]

<v/q + &, £ 1 and such that the points v/q — &,, v/q + &, are points of con-
tinuity of S(qu). Then by Lemma (3.2) we get
v/qte
(3.18) 1im sup J{'?| < f . |dS(qu)| -0 (61,62 0)
O vig—ry
since S(qu) is continuous at u = v/q. By Lemma (3.2), (3.17), (3.18) and the
continuity of S(qu) at u = v/q we get

(3.19) iim JI = L v/qu(qu) = L udS(u) if 0<v<gq, O<vgt.
Similarly for 0 <t < x, t = ¢ <1 we get by Lemma (3.2), since S(qu) is con-
tinuous at u = 1 = (t/q)

(3.20) 1im JU = J:dS(u) if O<v=g<a,O0<v<t.

If0<t < x,t=¢q =1, then by Lenmma (3.2) we get

(3.21) lim JD = J;udS(u) if 0O<v=qg=a, O<v<t.

Now by (3.11), (3.12), (3.13), (3.14), (3.16), (3.19), (3.20) and (3.21) .we have
for0<vgt

(3.22) lim () = f " aS(w).
0

A=

By Lemmas (3.1) and (3.2), (3.1), (3.8), (3.11), and (3.15) we get

A

ft ldS(u)l < liminf ft Idal(u)l

A= oo

A

lim sup f t Idocl(u)|
A 4]

1 a
limsup X ] f P (u)ds, (1) — f P* (u)dh(u)
A= ® , :5: 0 0
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1
< limsup X f P (u)d{se(u) — ho(qu)} l
A= k<t 0

+ | [ Prodng)|
+ | [ (eut - Pra)dngan |

+ L l Ppy(w)d{s,(u) — so(w)} ’

+ fo PL(wd{ho(w) — h ) | }

1
< limsup J; ZII( Pu(u) | d{so(u) — ho(qu)} |

A0
Puk <t

+ limsup L { > th(u)}|dho(u)|

A= 00
Pk <t

(by Lemma (3.1), (3.15) and the continuity of S(u))

= J:IdS(u)l.

This completes the proof.

Proof of the first conclusion of Theorem (3.1) for assumption (I).

The proof is similar to that for assumption (II) but instead of (3.11) we use now
for O<v<t.

1 a a
z { f Po(u)dsy(u) — f Ph@dhG) = j P(u) dS(w)
Pk v PekSD

1
+ 3 f Puu)d{s,(u) ~ so()}
k 0
(3.23) posg?
3 j PA()d{ho(u) — h(u)}
k 0

Pxk =V

1
> f (o) = P2(qu)} dsow).
k [\

p.x=Sv

Q.ED.



274 A. JAKIMOVSKI AND A. LIVNE Israel J. Math.,
Proof of the second conclusion of Theorem (3.1) for assumption (III).

We have for 0<g<a (0<g—g,<ql)<qg+e<1)

k

w= 3| s () | " P )
0 0

[ BV k31
< > l ! < ¥ l ' = J®,
x "
P k=2q(d) psqtes
By the first conclusion of Theorem (3.1) for assumption (I) we get R

—&1 +&2
lim J{" = f ’ ldas@)|, lim J? = ’f ’ | dS@)|
0 -0 0

A 2

if €1,&, > 0 are such that S(u) is continuous at u = g —&;, u = g +¢&,. As S(u)
is continuous at u = q we get

q
lim lim J = lim lim J{¥ = f | dS(w)|.
£110 A— 0 210 A2 V]

This proves our theorem for 0 < g < 1. For g = 1 the proof is similar. ~ Q.E.D.

Proof of the second conclusion of Theorem (3.1) for assumption (IV).

The proof is similar to the proof for assumption (III) but now we use the first
conclusion of the theorem for assumption (II). Q.E.D.

THEOREM 3.2. Suppose PX(u) and p,, satisfy the assumption of Theorem
(3.1). If g(u) is Riemann-integrable in [0,b] where 0<b < a, b < 4+ o0, then

tim = | [ " P g — g(p.) [ Phwdu| = 0.

x2w k=0

Proof. As g(u) is Riemann-integrable in [0,b] it is continuous a.e. in [0,b].
Hence the function h,(f) = g(u) — g(¢) is bounded and continuous at t =u
for almost all values of u in [0,b]. Hence by Lebesgue’s bounded convergence
theorem, (3.2) and (3.4) applied to the function h,(f) we get

b

0 b b o0
2 [ Prwendu — g(o.) f PAGwdu| < f { s PL(u)h,.(pxk)}du -0
0 0 0 k=0

) (x> 0)
Q.E.D.

Theorem (3.2) for p¥(u) = (") u*(1—u)*¥™* and g(u) continuous was essen-
tially proved by A. Meir [13, Lemma 2].
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4. Some properties of the Generalized Bernstein Polynomials.

For a fixed sequence {4,} (k = 0) satisfying (2.1) the functions p,(f) and the
numbers «,, are, in this section, those defined by (2.3) and (2.5).

The following result was proved by Hirshmann and Widder (see [11, p. 4
Theorem 2.8.2]).

THEOREM 4.1. If f(u) is a real and bounded function in [0,1] continuous
at the point u =x (0 £ x £ 1), then

@1 lim T pu(x)f () = f()-

n—+o0 k=0

It is known (see [11, p. 46, (11)]) that

™M=

4.2) pau) =1 for 0su <1 and n=1,2,3,..-.

k

0o

We use later theyfollowing two results about generalized Bernstein polynomials
which are interesting by themselves too.

THEOREM 4.1. Let n(2), m(1) (A > 0) be positive integral valued functions
satisfying m(d) < n(d), m(A) >0, n(l) > © (1— ), Gymn =) >4
where 0 < q < 1. Suppose G(t) is continuous and of bounded variation in [0,1]
and absolutely continuous in each interval [6,1 —9] (0<d <% ). Then we
have (for n = n(l), m = m(2))

4.3) lim 2":

A= k=0

1
J; {Pmi(tt) — pu(qu)}dG(u) ! = 0.

In the proof of Theorem (4.1) we use the following results.

LeMMA 4.1. For a real b = 1 we have

0 if k>n

1
4.4 f P (wu® du =

o 1t { & )v/ i )') if0<j<n.

+o \\L+s)/\L+7
and for 0 <k £n
! du 1

.5 [ o = 1

Proof. By (2.3) we see that (4.4) is true for k > n. Suppose 0 < k < n. By
(2.3) we have
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! At 1 1
f Py’ ~tdx = (=1)"7* I U t"‘“’"dt,--',f t‘"“’“dt]
0 2 1) A

e U1 1
U P )

From (2.4) we get immediately by induction

(= 1y - 1]_ 1 (& +b)!
M+ b A, +b]l A+ b, + b

Hence (4.4) is true for 0 £ k < n. The proof of (4.5) is similar. Q.E.D.

]

LEMMA 42. For0£kEm=<n, m>0, we have

1 1
4.6) f pui)du € o) L Puw)d.

Proof. For m = n (4.6) is obviously true. Suppose 0 <m <n. By Lemma
(4.1) we have

1
%) f Pra)du — o3 f Puu)du =

- 1{(ﬂml+ 1)!/(2,(%: 1)‘} ==

where y, = {(1 + 1/A,)**(1 = 1,/A,)}'/*'. Denote x, = 1/4,. Choose M Z 1 such
that 4,,>1. For p>m =2 M we have x, <1, 4,x, £ 1. By computing the
derivative of the function y(x) = (1 + x)*'(1 — 1,x) in the interval [0, min(1, 1/4,)]
we see that y(x) is non-increasing in this interval. Thus y(x) £ y(0) =1 for
0 £ x < min(1,1/4,/. Hence for x = x, we get y, < 1. Applying the last
inequality to the right hand side of (4.7) we get (4.6). Q.E.D.

LeMMA 4.3. Let G(u) be continuous and of bounded variation in [0,1]
and absolutely continuous in each interval [3,1 — 5], 0 <d <3%. Suppose the
sequence {q,} (n = 0) satisfies 0<g, <1, q,—> g, where 0<q < 1. Then
we have

@) im % | [ {palan) - pulam}dtw) | =0,

n=ow k=0

Proof. By (4.2) we have for each 0 <6 < %;

1= | [ (pute0 - putam}ic| + £ W}dGE)

< zfo | dBw)| + zfl_6|dc(u)|.
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Hence, since G(u) is continuous at u = Oand u = 1,
4.9) 0I<e if 0<d<d(e).

Choose ¢ such that 0 < < () The function G(u) is absolutely continuous
in [6,1 — 8], that is, it is an integral of some function g(u), and we have

10 5 | [ putan-puaiow | = £ | [ e putamisis]

The continuous functions are dense in the space L[d,1 — ], hence there exists
a continuous function h(u) in [J,1 — 6] such that

1-6
(4.11) L | h(u) — g(u)|du < &/2.
We have
n 1-6
@D | E | [ (eulan) - palgmbetadu | -
k=0 8
n 1-95
-z {(Palau) = pu(qu)thwdu || <
n 1-6
< k>=30 ) | Puslqu) — Pu(@,0) | | 8(w) — h(u) | du
(by (4.2)) s
< 2£ | g(u) — h(u)| du
(by (4.11))
< E.

Also for g, < g (if q, = q the proof is similar)

1~8

{Pu(qu) — Pui(qutt) Yr(u)du | -

i_: IJ*q(l ] ( L ) 1 qn(1-3) 0 u){
- = 71 2 Pni u) ( u_q_n J;,,d pnk(u) (a '”l
R [aa(1=0) u u
= E [ [ raon(G) (3
k=0 19 Jgs Pul) q qn !

11 PREE) u
+ |[=—— nuh(—)du—
(q q,.) fq.s Pt 2

1 J‘q" (u) 1 (-9 (u)
- = Wb —)du + — ,,uh—duJ
qdn q..dpk( ) q,. q gn(1—20) pk( ) q

(by (4.2))
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(1 —3)gn)/ 2]
gf " hy - (“q)|d +[——?t f | ()| du +
B dq/q..

]
— h d ) h d
+ f )| e+ - f(l [ au

(and since h(u) is uniformly continuous in [6,1 — 6] and L-integrals are ab-
solutely continuous)

-0 (n— ©).
By (4.9), (4.10), (4.12) and 4.13) we get (4.8). Q.E.D
Proof of Theorem 4.1. In the first part of the proof we suppose that G(¥)

is an integral, that is G(t) = [og(u)du 0 <t < 1. Suppose, first, that g(u) is
continuous in [0,1]. We have

@)= palnle@idu 5 T

() = PurCrtt)} 810 ]

n 1
+ 3| [ pulomadetu | +
(4.14) pmetl Jo
t 2 | [ (ot —pualeturin |

= [0 +IP +IP.
By Lemma (4.3) we have
(4.15) lim I® = 0.

Ao ®
By Lemma (3.2) we get, since g(u) is bounded,
(4.16) lim I{¥ = 0.
A=» o0
We have, by (2.6),

1 1
@ o<1 P — 200 | pliddu] +
0 0

1 1 1
U P (u)du ~ f puliddu |
[1] anm 0

[ patis( ) - o2 [ patiraa

= [0 4 [(D 4 [,

+ 2 'g(amk)
k=0

L ¥

Oym k=0

+
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By Theorem (3.2) and (2.6) we have
(4.18) lim I{Y = 0.

A+

Define g5(u) = gu/ty) (O £ u < o), &5U) =0 (#m<u=1) and g*(u)
= g(ulqg) 0= u=gq), g5u) =0 (g<u =1). We have by (2.6)

a Y

k=0

(4.19) g

It

1
[ enteziodu — gt [ pucoas,
a3 | [ puweri- g [ paa]
1¢(n
+ ot [ | Zpu0] |20 - @) du

m 1
+ ot T | gow) - gl f Palu)du
= 15.131) +1£13Z) _1g133)‘

By Theorem (3.2) we have
(4.20) lim 1{3Y = 0.

A=

By (4.2) and Lebesgue’s dominated convergence theorem we have

Ao

1
@421)  Lim I{?? = hm f | €2u) — g*(u)| du = % ] 0du = 0.
0

Given ¢>0 we have g —e < a,, S q+e(or q—¢e L a,, < g, if ¢ = 1) for
A > A4(e). Hence by (4.2)

2K
0 < IV <=~

nm 0

1
{ > pnk(zo}du + max | goufa) = 8o

g—eZencSqgte arpSq-e

By Theorem (4.1), Lebesgue’s dominated convergence theorem and the uniform
continuity of g(u) in [0,1] we get

0= IPY 2K fq+£du + (1) (A— 0).
Hence m
4.22) }im I8P = o,
By (4.19), (4.20), (4.21) and (4.22) we get
4.23) lim I{' = 0.

Ao
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By Lemma (4.2) and (4.2) we have for 4 > Ay(e), e >0,

m 1 1 1
05107 = 3 [sew| (o [ putdu = [ ot

m 1 1
< k2 L [ puwau = | putorin)
k=0 (%m Jo 0
1 1
= K{ f Y puw)du— 1}
anm 4] k
X e SAnpm
1 1
< K{ [ = patedu 1)
0 k

ancSqte

(by Lemma (3.2))

_.K{%I J:Hdu—l} (- )

Ke

q
Letting ¢ 0 we get
4.24) lim I{*» = 0.

A=
By (4.17), (4.18), (4.23) and (4.24) we get
4.25) lim I{Y = 0.

A=
By (4.14), (4.15), (4.16) and (4.25) we see that our theorem is true for g(u) € C[0,1].
The continuous functions on [0,1] are dense in the space L[0,1], hence, as
in the proof of Lemma (4.3) we see that our theorem is true for g(u)eL[0,1].
Suppose now that G(f) is continuous and of bounded variation in [0,1] and
absolutely continuous in each interval [§,1-5] (0 <d <4%). The rest of the
proof follows now by estimating the integrals in (4.3) over [0,6]and [1 —4,1)
as in the proof of Lemma (4.3) and applying the first part of the proof to the the
integrals over [d,1—4]. QE.D.

5. Proof of Theorems (2.1) and (2.2).

In the proof of Theorems (2.1) and (2.2) we use the following results about
generalized Hausdorff transformations.
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LEMMA S.1.  For a fixed sequence {A,} (n = 0) of different numbers we
have for the divided differences of any two sequences {u(}, {/122)} in
respect to {A,}

[, V] = Z L s T2, s ] for 0Sp<im,

3 1), (2
where (¥ = pVul ’-

Proof. The proof follows by the definition of the divided differences and by
induction on n, » = p = 0 since the result is true for n = p = 0. Q.E.D.

LeMMA 5.2. Suppose B(t) is a normalized function of bounded variation

in [0,1] satisfying B(1) = 1. Denote p, = [st*dp(t) (k = 0). We have (i) for
0faL1and 0Sp=k

! ST 1 1
f PopWd¥ () = (-1)*7* ;lk_' [A ta e ]’
0 e L0 (L)
where Yo(u) =0, 0=u<l), Y1) =1, Y, ) =1-(1-u)* (@>0),
0su<=<1l. (ii) WehaveforO<k <n

x ! ().k-hz Y NG Ha
j’k! Are lk > N 4,

(-1 :

1 1y - B ¢ ., .
rA+or(d-—o fo : :L(f —=x)"[pm(x)x%] dx}dt
' if 0gax<1
[RETC AP .

Proof. Suppose 0 S a<1.For0=:<1and 0<k = n we have by (2.3)

L (t = %) [pu(]dx

= (_l)n -k l f(t_x)—a[(lk+a)xlk+a 1, (l +a)xﬁ.,,+a—1]d

nk}'

= (_1) [(Ak-i—a)J‘(t x)—axlk+a ldx (ﬁ. +a)f (t— x)—a Apta— ldx]

= r(a+ 1)F(1—d)'(—1)" |3 )N ’[(;-k"'l)tlk (3,.+1)t ]
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Multiplying both sides by [1 — B(#)]/¢ and integrating over [0, 1] we get the second
conclusion for 0 £ « < 1. For a = 1 the proof is the same. The proof of the
first consequence is similar. Q.E.D.

Lemmaj 5.3. For O<k < n we have [Aiil—] = (=1 k(g A)
k n

Proof. The proof follows from (2.4) by induction.

LeMMA 5.4. Suppose 0 < a<1. Let B(t) be a normalized function of
bounded variation in [0,1] satisfying p(1) = 1. Then for n = 0 we have

1 o ([P L=BO[ [ _ \- .
trraras o f, T e Ty
(HB)= ) 1 0sa<l
ap + p al(cl) J‘ }:7@’(1)‘[Pnk(t)t],df w=1.
k=1 0

Proof. Suppose 0 £ a< 1. We have for n >0

——“““——‘1 ; & (t) - (2l
+ rrarn=s S [ T [ taerraa

1 n 1 k —ﬁ(t)
+ F(1+a)F(1—a)k=21[ , ,E Pip(#)p,d ¥ o(u )] f :

X {Lt(t—x)—“[p,,k(x)x“]'dx}dt

(changing the order of summation)

F(TJr—a)lT(T:a“),,nf ‘ kz U Pkp<u)d‘lz(u)] f — POy

| L (t—x)‘“[p"k(x>x“]'dx}dt
(by Lemma (5.2))

¢ n— ',{ ! o ” a xt+a n
=a, + zllpap(_l) P ;Lk' Z [(). + ’ ’(}. + 1][(}. + ﬂk (}.,.+2) ”]
p= *

(by Lemma (5.1))
nep Ml [Hp | Hn
= aO + 2 l ap( 1) P [lp’ * ,Z]
(by Lemma (5.1), (5.3) and by changing the order of summation)
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Al "
= ap + z (_1) ¥ F) '[ﬂk""aﬂn] z a
k=1 k* p=1

= H,(p).
This proves our theorem for 0 £ a < 1. The proof for a = 1 is similar.

LeEMMA 5.5 . Let B(f) be a normalized function of bounded variation in
[0,1] satisfying B(1) = 1. Then for 0 <k < n we have

[0 =0 = | 'p:kmd[ [ ua("2)] +.
[ ooy 1= = [ pua] [lua (2=29)].

Proof. We have

and

[t 2= =1 [ ot - potar + [ puto 2= 201

(integrating by parts)

L M
= [ wtrars = g0 - [ puto B [ o
(by (4.5) .
- Bw)
- = [ w52 i
The proof of the second result is the same. Q.E.D.

Lemma 5.6. If n(A),) m(l) are positive integral valued functions satisfying
(2.5), m(2) < n(d), and {A,} satisfies (3.1), and a3y may = 4 then

< 1 1
im X —=log—
Aow k=m+1 Ak gq

Lemma (5.6) is Lemma 2 of [10].
The following results are quite easily proved.

LemMmA 5.7. Suppose y(u) is a function of bounded variation in [0,1].
Then for each p, 0<p <1, the function F,(u) defined by

RO =00 [ L Rw=o.

Fy(u) = ufM-( v—u)’dv O<u<l)
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is continuous and of bounded variation in [0,1], absolutely continuous in each

interval [5,1] (0<d<1) and

25 oo ) = [ emmraf)]os

LemMA 5.8. Suppose y(t) is a function of bounded variation in [0,1] and
y(8)/te L[0,1]. Then for each o, 0 < a <1, the function

F(x) = f:t’d, (J:l(u - t)—“—v%u)—du)

is absolutely continuous in [0,1].
LemMmA (5.9). For fixed o,q, 0L a<1, 0<q £ 1, the function F(x)
defined by

F(x)=fl 0 hosxsa), F=F@ @<x=D

is continuous and of bounded variation in [0,1] and absolutely continuous in
each interval [5,1] (0 <8 <1). Also, the function G(x) = [5t’dF(t) is con-
tinuous and of bounded variation in [0,1] and absolutely continuous in each
interval [5,1] 0<dé<1).
1 * - 2=
LemMMA 5.10. For each a0 £a <1, the function H(x) = ;CJ‘ (1—u)""u*"‘du
0

is Lebesgue integrable in [0, 1] and continuous in each interval [3,1] (0 < <1).

Proof of Theorem 2.1. For n = m > 0 we have by Lemma (5.4)

(5.2) H(p)—-H,0) =

m 1 t
= Xa®PT-ord + o)) ~* [ f I—Ltf@ f (t—x) [ Pu(x)x°] dxdt
k=1 0 0
— fl.l_.__.M ft (t__x)“a[pnk(x)xa]/dxdt
0 t 0

+ i a1 - + )t f 1-1—';“—’) f ‘(t—x)_“[p,,k(x)x’]’dxdt.

k=m+1
Changing the order of integration and then integrating by parts, using Lemmas
(5.7) and (5.8) and the fact that Lebesgue integrals do not depend on the value

of the integrand at one point, we get
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f 11—:@ ft(‘ = %) [pu(x)x"] dxdt
0 0

(5.3) - - fo lp,,,,(x)dx{ f lt“d,( f. - %u—)du»

- J; lpn,‘(x)x“dx ( J:(t -—tx)"' dt)

(and making the substitution ut = x in the last integral)

= - Llp,,k(x)dx{ﬁlt“d,(ﬁl(u ~ )" ﬁl(‘i)du} + j;lp,,k(x)(l—x)’“x’_ldx

+a J; lp,,k(x)x_l ( J; 1(1 - y)‘“u““ldu)dx.

By simple computation we get 0 <a <1

L o COx'd, ( f lﬁ”t—")zdt) - L (X%, ( f @ ”t")_adt)
- L (O ( f gl ‘t")_ad:) + L (O, ( f a ”t")_adt)

1
(54 - J; [Pulax) — Pa(¥)] (1 — x)_“x“_ldx _

- [ Tou@®) — pm] G 1(1—u)'“u““du)dx

+ [ Toul@%) = pua®] (¢ [a-wuwtau)ar

By Lemma (4.1) we have for O<k < m

1 1 1
fo [Pu(ax) = Pmi(¥)] d—; = L pnk(qX)al—;c - J; Pmk(x)%‘
q d 1
5.5 = [0 Z- [ 02

! dx
= = J;pnk(x);'
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By (5.3), (5.4) and (5.5) we have for 0 <a <1

f fiadil) f (= )™ [pu(0xT dxdt —
0 t 0

- f 190 f (= %) [ puaG] ddt
0 t 0

(5.62) - - fo lp,,k(x)dx{ f lt“d,( ft l(u— t)-“ﬂu@du)}
+ J;lp,,,k(x)dx{ fxlt“d, (J;I(u - t)""—y%ldu)}

_ L e { L xt“d,( L gC _ut)_adu)} —T (1~ +9) [1 lp,,k(x)d(logg)

- J; 1pnk(X)x“dx ( f:(t — tx)—adt) + fol [P(a%) — Pu(®)](1 — )% x* " 1dx

1 x
~ [ trutan = pul (2 [t =70 duas.
o 0
For o« = 0 we get by Lemma (4.1)

f 1= A f (€ = 0 [puC)x] dxdt —
0 t o

1 t
(5.6b) - Ll——tyﬁ J;(t — X) " P(X)x"] dxdt

- L[ 820) - [t [ 520

For a fixed k, 0 < k £ m, we have by (5.6a) or (5.6b), by Lemma (3.2) (since
for a fixed k>0 and a given 6, 0 <8 <1, we have for n > N(9) «, <), by
Lemma (5.8), Lemma (5.9), Lemma (4.3) and Lemma (5.10)

19 _ t
lim {fol——tg(—t) J; (t = x)" *[pu(x)x"] dxdt —

Ao

(5.7)

1 —_— t
- f 1 t)’(t_) f(t_x)_a[Pm(x)xa]’dxdt =0
0 0
for k=1,2,--.
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We have by Theorem (4.1) and Lemma (5.10) for 0 <a < 1

m 1
69 tim 3 | [ @) - putal - 07 dx -

A= k=1

1 x
- J; [P(ax) = Pu()] (; J;)(l — )" Mu dx | = 0.

Now by Theorem (3.1), (5.6a) or (5.6b), (5.8), Lemma (5.8) and Lemma (5.9)
we get

lim X

A-ow k=1

j 1= f (= ) [pu T dxd
0 t 0

1 _ t
69 = [ [ -0 TputorTaxar

= [) "a, H lt“d,( ftl(u—n‘“ ’B—(;L)—du) + foxt“d,( L l(u_ut)—adu)
- L:q t“d[(ftl(u—t)—“ y—(uﬂdu)} '

We have by (5.3) for n>m>0and 0<éd<g

z

k=m+1

f 6#9 LI(‘ = X) " [pu(x)x"] dxdt \

o
f p,,k(x)dx“;lt“d,(jtl(u—t)_’ @du)} ‘
3

n n 3 1
+ Y | @l x o T p..k(x)%( f (1—u)““u“"du)dx
0 0 x

k=m+1 k=m+1

n

(5.10) < X

k=m+1

= JP+IP + I,
By Lemma (5.8) and Lemma (3.2) we get (as in the proof of (5.7))
(5.11) lim JP = 0.

A= o0

By Lemma (3.2) we get

(5.12) lim J® = 0.
A= 00

By [8, (3.12), (3.13), (3.14)] we get

(5.13) lim J® = 0.

AT @
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Thus by (5.10), (5.11), (5.12) and (5.13) we have for each 6, 0<dé < g,

(5.14) im %

A= k=m+1

f =5 [(t X) " [Pul¥)x7)’ dxdtl = 0.
)

Hence by [8, Theorem 2.2, (ii)], (5.14), (5.3), Lemma (5.8) we get

(5.15) lim X

Ao k=mt 1l

Lll—_ﬁ Lt(’ ‘x)'“[p,,k(x)x']'dxdtl -

- [l 120

By Agnew’s theorem (see [8]), (5.2), (5.7), (5.8) and (5.15) we get the proof of
our theorem. Q.E.D.

Proof of Theorem (2.2): By Lemmas (5.4) and (5.5) we have for O<m = n

a0 = | [ {222 - | [ 2]
5 [t =2

Suppose now 0<g<1 or g =1 and m(i) < n(d) for A> A. By [8, (3.26)]
and the argument used there we get for n = n(), m = m(2)
lim X

o md ] D[
b ([ o)

(where, if ¢ = 1 and m(1) < n(2) (A > A, then [} u|d( ﬁ(u))[ = ll—ﬁ(1—0)|).

We have
[(uaff2) = 1-p00 - [P0

ftiud(yi—u)) =1-9) - J:l—y—(gldu.

For a fixed k>0 we have lim,_, ,a, = 0. Hence for each § >0 we have for
n > N(d) o, < & and by Lemma (3.2) and (5.18) we get

(5.18)
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| [ruoa] [wa(®2)] | 5 [ruoldr- s - [Pa]]

e ool po- [0
LS. <]

- J:ld[l—ﬂ(t)— J:l’[—;(u—)du] i

-0, asd|0.

(5.19)

Hence we have for k= 1,2,

[ raod] 2] - o[ [ )] -

By (2.3) we have p,,,(f) = t*~ and p,,(1) = 0for0 < k< m.
Also, the function 7,(f) is continuous at ¢t = 1 and y(t) = y,(f) + 7,(t) where
7,(t) =0 (0 =2t <1), y,(1) = y(1) —y(1 — 0). Hence

o[ u(22) — o 2]
B ][] - )]
= [ [[2)] - [t 2]

o | oo )] i )]
| ] - e 2]

1f the function y(¢) is absolutely continuous in each interval [6,1 — §j(0 < <6 < })

m

=

k=1

1
t
and f ly#—ldt < o, then by Theorem (4.1) we have
0

f {Pm®) = Pulan)}d ” ud(y‘(") )] l 0.

Y 80|
t

(5.22) lim Z")

A0 k=0

If, in addition f
0
then by the first alternative in the second conclusion of Theorem (3.1) we get

dt < oo and the function B(f) is continuous at t = ¢,
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rion[ (5] - o[ 2]
o[ ua(292) - [ua(5) |
. (’_g(_)_i(i)) .

u

A2 k=0

(5.23)

[

The functions f(t) and y,(¢) are continuous at t = 0, since the H,(f) and H,(f)
transforms are regular. Hence by Lemma (3.2) we have

Jopetod] a2 = o [ua(2)] | = o

Choose ¢; > 0, &, > 0 such that f(¢) is continuous at the points g — &, 9 + &, < 1.

(5.24)  lim

A=

We have by Lemma (3.2), since (1) is continuous at t = ¢

Jopmion] [a2)]|
| = - = ) ol [ua(52) ]

(5.25) encSqter  ZacSqer
. J-q+e; d[flud(ﬁ(u))] ‘
[ Y t u

-0 as &0, &|0.

lIA

Hence

(5.26) lim lpnm(t)d[m[ (/’("))] = 0.

A= o0

Now by Lebesgue’s dominated convergence theorem for Lebesgue-Stieltjes
integrals we have, since y,(f) is continuous at ¢ = 1

(527) lim lpmm(t)d”t (Mu))] = 01 (lim ¢)d H,l"d(%ﬂ)]

= 0.

J e [ (2]

= y1-0)—1.

Also
(528) lim olpmm(,)d[ ftlud(V_(;Q)]

Ao
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Now by (5.21), (5.23), (5.24), (5.26), (5.27) and (5.28) we get

[ (2] i (2] -
- f u|d [@;h@

0

lim X

A= k=1

(5.29)

+ 1=y - 0.

u

By Agnew’s theorem (see [8]) ,(5.16), (5.20), (5.17) and (5.23) we get the proof
of our theorem for assumption (a) and 0 <g<1. For g = 1 and m(d) < n(4)
(A > A) the only difference in the proof is that we have to show that for m = m(4),
n = n(l) we have now

530 lim I L p,,k(t)d[fud( ﬂ(“)) | = |1-B(1-0)(1-0).

A-ow k= m+1 !

We have for B(t) = B,(t) + B(1)

Jy patou ] fua (=] |
- = |-f 1 p,,k(r)d[ﬁ1<1)—ﬁ1(r> + fo'—ﬁ-llf—”ldu] ; folpnk(t)d[ﬁ ud(!i—ﬂ—z(l'l))] |

-(2- 2} 0 [0 +[ 2] < lpnk(t)d[f ud(l‘_f_(“.)] |

By the second conclusion of Theorem (3.1) for 54(f) = s,(¢) = 0 we get

[ p"k<t)d[ﬁ1(1)—/31<t)+ f bt ]‘ - 0.

By (5.31) and (5.32) we get now

m £ | [os[ [pa(=5]

B

(5.31) )

k=m+1

n

(5.32) im X

A-o k=m+1

539 -im £ | [roafpo - [%5] ]
= lm Em+ P (B(1) — (1 —0)) — folg’%@“dtl
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(By Lemma (4.1) and the fact p,(1) =0 for 0 £ k<n)

u 1

= lim +|ﬁ(1) p(1— 0)——1

A0 k= m+l )'k
(by Lemma (5.6) since ¢ = 1 and (2.1))
= |B() - p(1 - 0)].

This proves our theorem for assumption (a) and g = 1, m(4) < n(d) (1> A).
The proof of our theorem for assumption (b) is similar. The proof of the second
part of our theorem is similar, too. Q.E.D.
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