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A B S T R A C T  

The explicit expression of the smallest constant C satisfying 

lim sup ..(~'(1) _ .,.(4)f(2) II =< C. limsup ] d,, I 
~--~ 00 fl---~ ¢ZO 

for all sequences {s.} satisfying lim sup. -. oo [dn] < oo, where {t(t)}, {t~)} are 
two generalised Hansdorff transforms of (s.}, {d.} is the generalised (C, a)- 
transform (0 <__ ct < 1) of {2. a.} and n(2, m(2) are suitably related, is obtained. 
These results are obtained by using new properties of positive approximation 
operators and generalised Bernstein approximation operators. 

1. Introduction. Let {s,} (s. = ao + al + -" + a, ,  n > 0) be a real or com- 

plex sequence. Denote by {t~ 1)} and {t~, 2)} 

(1.1) t cj)= ~-,,ma'J) Sm, n=>0 ( j =  1,2) 
m = O  

two linear tranrforms T1 and Tz of {s,}. Estimates of the form 

(1.2) lim sup [.(l) I,(2) C.limsup [ d, [ ~(~) -- "mOO ] =< 

for sequences {s,} satisfying 

(1.3) lim sup I d, I < oo 
.---~ O0 

where {d,} is a certain fixed linear transform of the sequence {a,} (n > 0) and 

n(2) ~ m ,  m(2) ~ m (2 ~ m) depend on the transforms TI, T2 and {d,,} were 

considered for the first time by Hadwiger [2]. The smallest value of C satisfying 

(1.2) for all sequences {s,} satisfying (1.3) is known as the Tauberian constant 

associated with the pair of  transforms T1, T2 and {d,}. 
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In §2 we obtain the explicit expression for the Tauberian constant associated 

with a pair {t(,1)}, {t~ 2)} of generalized Hausdorff transforms and a sequence {d,} 

of  generalized Ces/~ro transforms of order c~ (0 -< e < 1) of  the sequence {2,a,,}. 

The cases e = 0 and e = 1 were considered before for various classes of pairs 

of  transforms. The case 0 < e < 1 was considered for only one pair of  trans- 

forms before (see [7]). 

In §3 we obtain general results about properties of  pairs of  approximation 

operators which extend results of [8]. 

In §4 we give various properties of generalized Bernstein approximation 

operators. 

The results of §§3 and §4, which are interesting by themselves too, are used 

in §5 in the proof of the results of  §2. 

§2. Tauberian constants. For a fixed sequence {b,} (n _> 0) denote by b,! 

the product bo"" b, .  For n >= m ->_- 0 denote by dn!/dmI the product dm+ 1 . . .d ,  

if m < n and the number 1 if m = n, even if some of the numbers b k are zero 

or oo. The symbol b.! does not denote here F(b,  + 1). The Binomial coefficien 

~ ) i s  defined by 

(~) = r ( ~ +  1) /{ r (~+  1 ) F ( ~ - f l +  1)}. 

For a fixed sequence {2k} (k >= 0) satisfying 

(2.1) 0 = 2 ° < 2 1 < ' " < 2 " ] ' ° ° '  k=l ~ =  + o 0  

the regular generalized Hausdorff transformation {H,(fl)} (n > 0) of a sequence 

{s,} is defined (see [6]) by 

fo ' '  H,(fl) = ~, P,k(t)Skdfl(t), n = O, 1,2, ... 
k = O  

where fl(t) is a function satisfying 

(2.2) fl(t) is normalized and bounded variation in [0,1] ,  

fl(O) = fl(O +)  -- 0 and fl(1) = 1 

and (see, [11, §2.7, (8)]). 

. . . .  (2.3) P.k(t) = 1)" k{2.V/2k'}[t ~, , t  ~] i f  0 < k < n 

if k > n  
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where the divided differences of a sequence {#,,} (n _>__ 0) with respect to the fixed 

sequence {;tk} is defined by 

(2.4)  LUg] = # , ,  [ # k , ' " , / X . + , ]  = {[/X k , ' . ' , , u . ]  - [ /Xk+,,  " " , ' " / X . + , ] } I ( 2 ,  - 2 + , ) .  

With the fixed sequence {An} we associate the sequence p. = 2,,/21 (n > 0), and 

we define for n, k > 0 

~X.k = [ (1  --  l l p . ) ! l ( 1  - -  l / p k ) ! ]  u ' ~ '  • (2.5) 

We have 

(2.6) 

" (Xnk/O~mk --~ O~nm 

0 < ~.k < 1 

0~.o = 0 

O~nk < O~n,k+ 1 

for n , m , k =  1,2, • 

for O < k < n  

for n > l  

for n = 1,2,... and k = 0,1,2. . .  

For a sequence {s.} (Sn = ao + "'" + a.) define for a fixed a > 0 the sequence 

{a~. ")} (n > 0) as the Generalized Hausdorff tranrform of the sequence {2.a.} 

corresponding to the function qJ.( t )= 1 -  ( l - t ) "  if a > 0 and q%(t)= 0 

(0 < t < 1), Wo(1) = 1. That is, {a~. ")} is the generalized Ces/tro transform of 

the sequence {2.a.} (n > 0). 

THEOREM 2.1: Let  (H, fl) and (H,7) be regular generalized Hausdor f f  trans- 

format ions  such that f] IB(t) < oo and 3of'i 7(01t at < oo. Let  a be a fixed 
number  satisfying 0 <= o~ < 1. For a sequence {Sn} satisfying a,~)= 0(1) we 

have, f o r  each q ,  0 < q <= 1, and any pair  of  integral valued funct ions  n(2), 

m().) sat is fying n(2) --* oo and m(2) -* oo, a,,(aj,m(a) --* q as 2 -* oo, and ul t imately  

n(2) > m(2), 

(2.7) lim sup I H.(fl) - Hm(~') [ ~ F~ ~)" lim sup I a~)[ 
~, "-~" O0 1 1 " > 0 0  

+ 

where 

(2.8) F(1 - a)F(1 + a)F~ ~) = ]dx t~d, ( u -  t) -~ u 

fo ) ' + t 'd t du - ( u - t )  -~  7 (u)  
u 

+ f ' x ' l d x ( f ~ ( t - x )  -~ 1 - f l ( t ) d t  . 
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The constant F~ ~) is the best in the following sense. There is a real sequence 
{s,} satisfying at, =) = O(1) and such thatiboth members of inequality(2.7) are 

equal. 

Theorem (2.1) for a = 0 and either fl(t) or y(t) equal to the function which is 

zero for 0 ~ t < 1 and is equal to 1 for t = 1 is Theorem (3.1) of [8,1. Theorem 

(2.1) for a = 0 and the additional assumptions that .f ox-'(f ld (t)l)dx < oo 

and < oo was proved by A. Meir in [12]. 

TrmOREM 2.2. Let (H, f )  and (H,y) be regular generalized Hausdorff trans- 

formations. For a sequence (s,} satisfying a O) = 0(1), each q, 0 < q ~_ 1, and 

any pair of integral valued functions n(2), m(2) satisfying the same assumptions 

as in Theorem (2.1) we have the following results: (I) I f  O < q < 1or q = 1 and 

m(2) < n(2) for  2 > A ,  

fo' fo dt 
[fl(t) ldt < ~ ,  < 

t t 

and either a) y(t) is absolutely continuous in each interval [5,1 - 5,1 (0 < 6 < ½) 

and fl(t) is continuous at t = q, or b) fl(O is absolutely continuous in each 

interval [6, q - 51 (0 < 5 < ½q), fl(t) is continuous in some interval [0, q + e,1 

(~ > O) and Y(O is continuous in 0 < t < 1, then 

(2.9) l imsup IH,(f l ) -Hm(y)l  < F~ t) l imsup la~t)l 
~- ' l '  O0 I1 "-~ 00 

where 

(71(t) = y(t) (0 < t < 1), 71(1) = y(1 - 0) and for q = 1 

f o t u ] d ( . 1 - ~ ( u )  ) I -- [ 1 - f l ( 1 - 0 ) [ ) .  

(II) I f  q = l ,  m ( 2 ) = n ( 2 ) f o r  2 > A and 

fo 
X[ fl(t) - y(t)l 

dt < o o ,  

then (3.9) is true with 

K (2.11) Fix'= uld u 1 [ + v(1-°)l fll(U)- Yl(u) 
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(ill(t) is defined in the same way as Vl(t). In both cases (I) and (II) the constant 

F~ l) is the best in the following sense. There are real sequences {s,,} such that 

at, l) = 0(1) and both sides of (2.9) are equal. 

Theorem (2.2) with the assumptions that V(t) and fl(t) are continuous in 

0 < t < 1 and have continuous derivatives for 0 < t < 1 was proved by A. Meir 

[13]. 
Theorem (2.2) with ~(t) equal to the function which is zero for 0 < t < 1 and 

is equal to 1 for t = 1 is Theorem (3.2) of [-81. The constant Bq which appears 

there should be corrected to F~ t) as in (2.11) here. 

Results similar to Theorems (2.1) and (2.2) can be obtained for the difference 

of two regular l,H, oqfl(t)], transforms (see [8, p. 191]). 

The proof of Theorems (2.1) and (2.2) is given in §5. 

§3. Some results about positive approximation operators. 

In this paper each function g(t) of bounded variation in a closed interval I-a, b 1 

is extended to R 1 by the definition g(t) = g(a) for t < a and g(t) = g(b) for 

t > b .  

Unless otherwise stated we assume that each function g(t) of bounded varia- 

tion in a closed interval [a, b] is normalized that is g(a )=  O, 

g(t) = ½[g(t - O) + g(t + 0)1 for a < t < b. 

We use here the definition of Riemann-Stieltjes integrals given in [4]. We 

use freely the fact that the existence of a Riemann-Stieltjes integral f~of(t)dg(O 

where g(t) is of a bounded variation in [0.1] implies the existence of the Lebesgue- 

Stieltjes integral f[o.l~f(t)dp O in sense given in 1,14] where /~ is the Lebesgue- 

Stieltjes measure in R 1 generated by the function g(t) extended to R t as mentioned 

above and modified so as to be continuous on the right in R 1 . 

We prove here the following result. 

THEOREM 3.1. Let s,(u) and hx(u ) (n > O, x >_ O) be normalized functions 

of bounded variation in [0,11 and 1,0,a] (0 < a < + oo), respectively, con- 

tinuous at u = 0 and satisfying 

So So (3.1) [d{s . (u)  - so(u)}[ --, 0 (n --, oo),  I d{h (u) - ho(u)} I --,. (x-+ oo). 

For n, k = O, 1,2, ... and x >= 0 let P,k(U) and P*k(u) be non-negative continuous 

functions in [0, 11 and [0, a I , respectively, satisfying 
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(3.2) sup Y~ P,k(u) = K < oo, sup P*k(u) =--- N < oo. 
n_~O k = O  x->O k = O  

0_-<u~l O~_u~_a 

For n = N,  N + 1,..., k = 0, 1,2,-.- and x >= Xo >= 0 let ~,,k and Pxk be non- 

negative real numbers  and func t ions  (o f  x)  sat is fy ing 

(3.3) 

O <= Ct,k <= l 

~nO = 0 

O~nk = O~nq 

0 <= P~k <---- a 

P~o = 0 

P ~  = Px~ 

if Pnk(U) ~ 0 f o r  0 <= u ~ 1, 

f o r  n > N 

f o r  n >= N if, and  only  if, k = q ,  

i f  P*R(U) ~ 0 f o r  0 <--_ U <-- a ,  

f o r  x >= X (all suff iciently large x)  

f o r  x >=X if, and  only  if, k = q .  

Suppose f o r  each real and bounded func t ion  f ( t )  in [0, 1] and each real and  

bounded func t ion  g(t) in [0, a] we have at each point  o f  cont inui ty  t = u (0 < u <= 1 

o f f ( t )  and t = u (0 < u <__ a) o f  g(t) 

lim ~ P~k(U)f(ct,k ) = f ( u )  
n---} oo k = 0  

(3.4) 

lim ~ P*R(U) g(Pxk) = g(u) 
x-~. oo k = 0  

Let  n(2) (2 > 0) be a positive integral  valued func t ion  x(2) (2 > O) a real posit ive 

func t ion  sat i s fy ing  

I 
n(A) --} oo, x(2) --* oo as ;~ ~ + oo 

(3.5) For Px(x),,(xj - q(2) we have 0 < q(2) <= a i f  2 > A 

q(2)--} q (~, ~ + o o  and 0<q_<__a 

First conclusion: For a f i x e d  value o f t  0 <_ t <_ a we have f o r  n =- n(2),  x - x(A) 

I fo (3.6) lim Z ] P. (u)dsn(u)- P* (u)dhx(u) = IdS(u) I 
~,~co k 

p~k~_t 

where S(u) - So(u/q) - ho(u), i f  one o f  the fo l lowing  two assumptions  is satisfied. 

(I) T h e  func t ion  S(u) is continuous at u = t i f  0 <= t < a ( i f  t = a it is not  

assumed that S(u) is continuous at u = t = a) and  f o r  x =- x(2), n - n(2) 

fo' 1 lira • [ {P,k(U)--P*k(qu)}dSo(U) = 0.  (3.7) 
2- ' oo  k I 

p~.k ~t  
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(II) The  func t ion  S(u) is continuous at each point  o f  the interval 

[O, m i n ( t , q ) ] - { ~ t q ' ~ q , }  (where (~tq is the Kronecker  symbol) ,  we have 

Pxk/O~nk = Pxn f o r  any  x , n , k  > 0 and in case t > q the func t ion  ho(t ) is con- 

t inuous at each point  o f  the interval  [q , t]  - {1} and f o r  n - n(,~), x =- x(2) 

(3.8) lim 2 PnR(U) -- P*k(qU)}dho(qu ) = O. 
x-*oo k 

p~k~_t 

Second conclusion: We have f o r  n - n(2), x - x(2) 

p,~l,<q(2) 

i f  one o f  the fo l lowing  two assumpt ions  is satisfied. (III) The  func t ion  S(u) is 

continuous at t = q and condition (3.7) is satisfied f o r  some t such that 

q < t < a i f  q < a and t = a i f  q = a .  (IV) T h e  func t ion  S(u) is cont inuous 

at each point  o f  0 < u < q ,  f o r  some e > 0 the func t ion  ho(t) is cont inuous at 

each point  q < u < q + e and  f o r  some t such that q < t < a i f  q < a and 

t = a  i f  q = a .  

Theorem (3.1) remains true if the interval [0, 1] or [0, a] or both are replaced 

by finite or infinite intervals, and n(2), x(2) are real functions or integral valued 

functions, if the necessary obvious changes are made in the assumptions of the 

theorem. Also, it is possible to obtain results similar to those of [8, §2]. 

Theorem (3.1) for h:~(u) - 0 and some additional restrictions on the functions 

s,(u) was proved in [8, §2]. 
In the proof  of Theorem (3.1) we use the following two results. 

LEMMA 3.1. Let  o~(t) be a normal i zed  func t ion  of  bounded variation in 

[a, h i .  Let  ct,(t) (n > 1) be func t ions  of  bounded variat ion in [a, b] not neces- 

sar i ly  normal i zed .  Suppose 

lim ct~(a) = ~(a), lim %(b) = e(b) 
n--* oo n---p oo 

and 

Then  

lim ~n(u) = a(u)  
i I  ---~ oo 

at each point  oJ cont inui ty  o f  or(u). 

fob fb Id (u)l _< l iminf  Id .(u)l . 
i 1 ~ o o  t / o  

Lemma (3.1) is an extension of [16, Corollary 16.4, p. 32]. Its proof  is similar. 
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LEMMA 3.2. Suppose the functions Pnk(U) and the numbers ~,k (n,k = 0,1,2, 

satisfy the assumptions of Theorem (3.1). Let ft(u) be a function of bounded 

variation in [0,1] and continuous for u = O. For a fixed t,  0 <_ t (_ 1 we have 

;o ~ fol{~ £' lira Z P.k(U)dfl(u) = lira P~k(U) dfl(u)-- dfl(u) 
rr-~ oo k rr-} oo 

fo' fo'( i' lira ~, Pnk(u)dfl(u) = lim ~, Pnk(u) dfl(u)= dfl(u) 

ttnk~_ t a . k ~ _ t  

if  for 0 < t < 1 ft(u) is continuous at u = t.  

Proof. The equality 

fo ~ f' Z V.k(u)a,G(u) = 
k 0 

ank  <=t 

Z v.~(u) aft(u) 
k 

a . k  < t 

follows by Beppo-Levi's theorem if we note that a Riemann-Stieltjes integral 

is equal to the corresponding Lebesgue-Stieltjes integral. Also by (3.4) (for the 

f u n c t i o n f ( u ) = l  (O < u < t), f (u)  = O (t < u ~ l) i f 0 < t < l  or f (u )  = l 

( O < u < - l )  if t =  l) we get 

lim ~ P.k(u) = lim ~ P.k(u)f(O~.k) = f ( u ) ,  
n--~m k n " + ~  k = O  

a . k ~ _ t  

f o r 0 < u  < 1 , u  # t i f 0 <  t < l a n d f o r 0 < u  < l i f t =  1. Since the function 

ft(u) is continuous at u = 0 and u = t (if 0 < t < 1) we see that we have 

lim Z enk(U ) = f (u)  
I1"+ 00 

~nk ~-- t 

almost everywhere in [0,1] with respect to the Lebesgue-Stieltjes measure gen- 

erated by ft(u). Hence by Lebesgue's dominated convergence theorem we have 

fo ~ fo ~ fo ~ lim Z P.k(u)dfl(u) = f (u)df t (u)= dft(u). 
ir.+ oo k 

• ~k ~- t 

The proof  of  the second consequence of the lemma is the same. 

Proof of the first conclusion of Theorem (3.1) for assumption 0]). Define 

for x = x0,),  n = n(2) 

(£' ;o a } (3.10) ,~(p) = 0, ¢q(v) = • P,k(U)dsn(u) -- P*k(u)dhx(u ) , 0 < v <= a. 
k 

p . k ~ v  
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We have for 0 < v  < t 

p~k <=o 

(3.11) 

By (3.1) and (3.2) we get 

p k<v 

f qa , 
- X P:,k(u)dho(u) 

k p..k <-v 

fO 
+ ~, {Pxk(U)-P*k(qU)}dho(qU) 

k p._k <v 

~0 
1 

+ ~ e.~(u)cl{s.(u)- So(U)} 
k 

p.j, ~_v 

fO a 
+ ~ P*k(U)d{ho(u) - h~(u)} 

k 

41) + j ~  + j~3~ + s~,~ + j ~ .  

(3.12) lira ,/(4) = lim j(5) 

By (3.8) we get 

= 0 .  

(3.13) lira jr3) = 0 .  
2--*oo 

By the assumptions on the continuity of the function ho(u) and Lemma (3.2) 

we get for 0 < t < x  

(3.14) lim ,/(2)= { 0 ~qv if v < q  

:,--,oo - dho(u) if q -< v -< a.  

By (3.3) and (3.5) we have for 2 > A2 

(3.15) {klp~ _-< v} = {klO:nk <= v/q(2)}. 

By Lemma (3.2) and (3.15) we get 

(3.16) lira j[l) = dS(u) if  q < v <= t .  
A"*~ 
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Suppose 2 > A 3 . We have by (3.15) 

(3.17) j~l) = { ~k 

~n~ ~ v l q 

= j [H)  ± j1~z) 

}j" Pnk(U)dS(qu) 
k 0 

c~,,~(vlq(A) .v/1] 

Assume 0 < v < q,  0 < v < t.  Choose st, 82 > 0 such that 0 < v/q - 51 < v/[q(2)] 

< v/q + e2 < 1 and such that the points v/q - e~, v/q + 52 are points of con- 

tinuity of S(qu) .  Then by Lemma (3.2) we get 

f 
v/q + e2 

(3.18) limsup Ji~=' I =< IdSCqu)l ~ 0 (~,,~2~0) 
),~oo Jv /q -~ l  

since S(qu) is continuous at u = v/q.  By Lemma (3.2), (3.17), (3.18) and the 

continuity of S(qu) at u = v/q we get 

[, v/q ~0 v (3.19) lim j(1) = | dS(qu) = dS(u) if 0 < v < q ,  0 < v  < t.  
A--* oo Jo 

Similarly for 0 < t < x ,  t = q < 1 we get by Lemma (3.2), since S(qu)  is con- 

tinuous at u = 1 = (t/q) 

fo (3.20) lim j ( l )  = dS(u) if 0 < v = q < a ,  0 < v < t .  
2-* or) 

I f 0  < t =< x ,  t = q = 1, then by Lenmma (3.2) we get 

K (3.21) lira j[1) = dS(u) if 0 < v = q  = a ,  0<v_-< t.  
A ~  

Now by (3.11), (3.12), (3.13), (3.14), (3.16), (3.19), (3.20) and (3.21) .we have 

for 0 < v _ < t  

~0 v (3.22) lim ~x(V) = dS(u) .  
),~oo 

By Lemmas (3.1) and (3.2), (3.1), (3.8), (3.11), and (3.15) we get 

[dS(u)[ <= l iminf ld~A(u) l 
A oo dO 

= < lim sup f t 
A~m JO 

Id~A(u) l 

;o I fo 1 = limsup E Pnk(U)ds.(u)-  P*k(u)dhx(u) 
A~oo k 
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< limsup Z 
~-..~ 0o k 

p~k <=t 

T A U B E R I A N  C O N S T A N T S  

+ 

+ 

+ 

f P*k(u)dho(u) I 

f f  (P'k(U) - P*k(qU))dho(qu)] 

I 
+ /o"P*k(U)d(ho(u)-hx(u))]} 

< lim sup 2 Prig(U) [ d{so(U) - ho(qU))] 
) . ~  o~ k 

P~k <t 

f l )1 + lira sup ~. P*(u) dho(u) [ 
;t--) o~ k 

Pxk <t 

(by Lemma (3.1), (3.15) and the continuity of S(u)) 

= fo'l~s(u) l. 
This completes the proof. 

273 

Proof of the first conclusion of Theorem (3.1) for assumption (I). 

The proof is similar to that for assumption (II) but instead of (3.11) we use now 

for O < v < t .  

(f0' fo ~. P,,k(U)ds,,(u)- P*k(u)dh~,(u) = ~. P.*k(u)dS(u) 
k k 

p~_k v p~k<=v 

f' + ~. P,k(u)d{s.(u) - So(U)} 
k 0 

p~ <v 

+ 

+ 

~0 a 
~Z P*k(u)d(ho(u) - hx(u)} 
k 

p x k  <--v 

f o  
~, (P~k(U)-P*~k(qu))dso(U). 
k 

(3.23) 

Q.E.D. 
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Proof of the second conclusion of Theorem (3.1) for assumption ( I ~ .  

We have for 0 < q < a  ( 0 < q - e 1 < q ( 2 ) < q + 5 2 < l )  

p . . k < q - t l  

k k 
p k----q(2) p~k<-q+e2 

Israel J. Math., 

By the first conclusion of Theorem (3.1) for assumption (I) we get . 

fo q-~' ,fo q+~2 
lim j ~ t ) =  IdS(u)], lim j ( 2 ) =  IriS(u) I 
2 ~ o o  2--* Go 

if e~, e2 > 0 are such that S(u) is continuous at u = q - el ,  u = q + e2. As S(u) 
is continuous at u = q we get 

lim lim j r 1 ) =  lim lim j~2) =   lds(u)l 
d O  

This proves our theorem for 0 < q < 1. For q = 1 the proof is similar. Q.E.D. 

Proof of the second condusion of Theorem (3.1) for assumption (IV). 

The proof is similar to the proof for assumption (III) but now we use the first 

conclusion of the theorem for assumption (II). Q.E.D. 

THEOREM 3.2. Suppose P*k(U) and Pxk satisfy the assumption of Theorem 

(3.1). If g(u) is Riemann-integrable in [0, b] where 0 < b < a, b < + co, then 

fo ; r lim bP~(u)g(u)du-- g(p~k) P*k(U)du = 0 .  
X--~ oO k = 0  

Proof. As g(u) is Riemann-integrable in [0, b] it is continuous a.e. in [0, b].  

Hence the function hu(t)= g(u)- g(t) is bounded and continuous at t = u 

for almost all values of u in [0, b]. Hence by Lebesgue's bounded convergence 

theorem, (3.2) and (3.4) applied to the function hu(t) we get 

f: f; f:{ } P*xk(u)g(u)du - g(P~k) P*xk(U)du ] <= ~ P*~k(u)h,,(pxk) du "* 0 
k = 0  k = 0  

(X --' (30) 
Q.E.D. 

Theorem (3.2) for p*k(U)= (t~kl) Uk(1--U)tX~-k and g(u)continuous was essen- 

tially proved by A. Meir 113, Lemma 2]. 
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4. Some properties of the Generalized Bernstein Polynomials. 

For a fixed sequence {;tk} (k > 0) satisfying (2.1) the functions pnk(t) and the 

numbers ~nk are, in this section, those defined by (2.3) and (2.5). 

The following result was proved by Hirshmann and Widder (see [11, p. 4 

Theorem 2.8.2]). 

THEOREM 4.I. I f  f (u )  is a real and bounded function in [0,1] continuous 

at the point u = x (0 < x <- 1), then 

(4.1) lim ~ pnk(X)f(ocnk) = f ( x ) .  
n-oOo k = O  

It is known (see [11, p. 46, (11)]) that 

(4.2) ~ p~k(U) = 1 for  O < u < 1 and n = 1,2, 3 , . . . .  
k = O  

We use later thelfollowing two results about generalized Bernstein polynomials 
which are interesting by themselves too. 

THEOREM 4.1. Let n(2), m(2) (2 > 0) be positive integral valued functions 

satisfying rn(,~) <= n(2), m(2) ~ ~ ,  n(,~) ~ ~ (2 ~ oo), ~n(~),,~(~) ---- q(2) ~ q 

where 0 < q < 1. Suppose G(t) is continuous and of  bounded variation in [0, 1] 

and absolutely continuous in each interval [6, 1 -  t~] (0 < ~ < ½ ). Then we 

have (for n = n(2), m --- m(),)) 

(4.3) lim ~ f '{Pmk(U)-- p,k(qU)}dG(u) l = 0. 
.~, ~ oo k = O .J O I 

In the proof of Theorem (4.1) we use the following results. 

LEMMA 4.1. For a real b >- 1 we have 

fo {o / 
(4.4) P~g(U)Ub-ldu = ~k+ll ( b  2(A-~) ! '~k{ "~k+ bill] i f 0 < j  < n . . j  = = 

and for  O < k < n 

fo du 1 (4.5) p,,k(U) U -- 2k" 

Proof. By (2.3) we see that (4.4) is true for k > n. Suppose 0 < k < n. By 

(2.3) we have 
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folP.k(u)ub_idx = (_l)._k 2,!2k! [ foitX,+b_idt,..., fo' 

2k ! Ik + b' ' Z. + b 

From (2.4) we get immediately by induction 

(_l) , ,_k[  1 1 ] 1 (~.k+b)[ 
2 k +  b '  2, + b = 2 k +  b ( 2 , +  b)!" 

Israel J. Math., 

t g"+b- ldt] 

Hence (4.4) is true for 0 < k < n. The proof of (4.5) is similar. Q.E.D. 

LEMMA 4.2. For 0 - k -< m = n, m > 0, we have 

• 1 fo I (4.6) Jo Psk(U)du <= otis 1 p.k(u)du. 

Proof. For m = n (4.6) is obviously true. Suppose 0 < m < n. By Lemma 

olP,k(U)dU = 

Am 
2k + 1,2 k + 1]'J y,! 

(4.1) we have 

(4.7) f XPmk(U)du -- ~,-~ 
do 

where yp = {(1 + 1/2p)a'(1 -- 21/2p)} lp'' . Denote xp = 1/2p. Choose M _~ 1 such 

that 2 , , > 1 .  For p > m > M  we have x p < l ,  21xp< 1. By computing the 

derivative of the function y(x) = (1 + x) ~'' (1 - 2ix) in the interval [0, min(1, 1/21)] 

we see that y(x) is non-increasing in this interval. Thus y(x) < y(0) = 1 for 

0=<x=<min(1,1[21/ .  Hence for x = x p  we get yp=< 1. Applying the last 

inequality to the right hand side of  (4.7) we get (4.6). Q.E.D. 

LEMMA 4.3. Let G(u) be continuous and of bounded variation in [0,1] 

and absolutely continuous in each interval [5, 1 -  6], 0 < 6 < ½. Suppose the 

sequence {qn} ( n > 0 )  satisfies O < q, < 1, q, ~ q , where O < q < l .  Then 

we have 

fo (4.8). lim {Pnk(qU) -- p,k(q,u)}dG(u) = O. 
n ~ o o  k=0 

Proof. By (4.2) we have for each 0 < 6 < ½; 

1-- ~ 1  {pnk(qu)--pnk(q,u)}dG(u)] + ~ l {Pnk(qu)--Pnk(q"u)}dG(u)i 
k =O k=O - ~  

fo' 2f' < 2 Ida(u)[ + IdG(u) l. 
-6  



Vol. 7, 1969 TAUBERIAN CONSTANTS 277 

Hence, since G(u) is continuous at u = 0 and u = 1, 

(4.9) 0 < I < 8 if 0 < 6 < 6(8). 

Choose 6 such that 0 < 6 < 6(8) The function G(u) is absolutely continuous 

in [6,1 - 6] ,  that is, it is an integral of some function g(u), and we have 

(41°) f {P,,k(qu)--P,k(q,u)}dG( u ) ~ .  z- ,  = {p.k(qu)-- Pnk(qnU)}g(u)du • 
k =O k=O 

The continuous functions are dense in the space L[6, 1 - 6],  hence there exists 

a continuous function h(u) in [6, 1 - 6] such that 

f l -~ (4.11) [h(u) - g(u) ldu < el2. 

We have 

(4.12) I k=O~lf61-'~(pnk(qu)-pnk(qnu)}g(u)du -- 

f1-6 -- ~ {Pnk(qU)- Pnk(qnu)}h(u)du ] k=0 

< k=O ~ f~ x-~lp"k(qu) -- P"k(q"u)l [g(u) -- h(u) 
(by (4.2)) 

__< 2 I g(u) - h(u) ldu 

(by (4.11)/ 
< 8. 

Also for q. __< q (if q. _>_ q the proof is similar) 

(4.13) i k=O (p,k(qU) -- Pnk(q,u)}h(u)du = 

= k=O~[ -q aqa -- q--~n aq . ,  Pnk(U)h \q,/(Uttt'l 

= k=O~ [q Jq6 p,,k(tt) h -- du 

J q , ~  

- -  p,k(u)h du 11 
qn .a q aq.(a-~) 

< 

du 

(by (4.2)) 
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< .~f"' ~'"~'~ I ~u~ _ ~ (~)1~ ,~ + t ~ ~ r,~.~_" ~' i ~ t , ~  + 
1 ::~ 1 [h(u) ldu + -q. [h(")Id"+5 , ,~,-~:~ 

(and since h(u) is uniformly continuous in [6, I -  6] and L-integrals are ab- 

solutely continuous) 

- - ,  0 (n--, oo). 

By (4.9), (4.10), (4.12) and 4.13) we get (4.8). Q.E.D 

Proof of Theorem 4.1. In the first part of the proof we suppose that G(t) 

is an integral, that is G(t) = f~g(u)du 0 < t < 1. Suppose, first, that g(u) is 

continuous in [0,1] .  We have 

k = O  

(4.14) 

fO 
< ~1 {Pmk(U)--P"k(O~"mU)}g(u)du ] 

k = O  

k = m + l  

+ ,=o~ifo '~p'k(=°'")-p°k(q")}gc")a" ] 
=_ Ii ') + I i  2) + Ii 3) . 

By Lemma (4.3) we have 

(4.15) lim I~z 3) = 0. 
~,--* o0 

By Lemma (3.2) we get, since g(u) is bounded, 

(4.16) lim i]2) = 0 .  

We have, by (2.6), 

(4.17) 0 < Iz ~') < 
k = O  

] fo lpmk(u)g(u)du-g(~mk) fotPmk(U)dU[ + 

+ 
k = 0 ~nm 

' 

O~nrn k = 0 

- I~zl') + ICa TM + I~ TM . 
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By Theorem (3.2) and (2.6) we have 

(4.18) lim i(11) = 0. 
)."+ oo 

Define g*(u) = g(u/%,,) (0 < u < %,,,), g*(u) = 0 (o;,,,, < u < 1) and g*(u) 

= g(u/q)  (0 < u < q), g*(u) = 0 (q < u < 1). We have by (2.6) 

°fo' fo (4.19) I(z'3) = ce~lk_-~o I P.k(u)g*(u) du -- g*(%k) Pnk(U)dU 

-£ ,  £, 
< ~2k2 [ p .k (U)g*(u)du-  g*(c~.k ) p.k(U)du 

+ %-2 £1{k~?nk (U)} lg '~ (u ) - -g* (u ) ldU 

£' - '  Z Ig*(=.O g**(~.O] po~(u)du -1- Otnm 
k = O  

--~ /0.131) "l-/i 132) -- I i  133) • 

By Theorem (3.2) we have 

(4.20) lira Ix (131) = 0. 
),--+ oo 

By (4.2) and Lebesgue's dominated convergence theorem we have 

~o 1 1 £  1 (4.21) lim 1(z132 ) _ _ _ 1 lim ]g*(u) - g*(u)]du = - Odu = O. 
a-+~ q z-~o q 

Given e > O  we have q - e  =< an~< q + e  (or q - ~  < an=_< q, if q = 1) for 

2 > A4(~ ). Hence by (4.2) 

fo'{ } , - -  • pnk(U) du + max [g(ank/q)--g(O~nk/anrn). 
O~nm k k 

By Theorem (4.I), Lebesgue's dominated convergence theorem and the uniform 

continuity of  g(u) in [0, 1] we get 

f 
q + e  

0 _~ I(z 133) N 2K du + o(1) (2-+ oo). 
, i q - - e  

Hence 

(4.22) lira / i  133) -- 0. 
),-+ oo 

By (4.19), (4.20), (4.21) and (4.22) we get 

(4.23) lim l p  3) 
3.~QO 

= 0 .  
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By Lemma (4.2) and (4.2) we have for ;t > A4 (e), e > 0, 

k ¢ ¢ 0  

<  /lfo ' fo' = pnk(U)du -- pmk(U)dU} 
k = 0  

---- g {~-~m fo I ~ Pnk(U)dtt--1} 

~znk ~ atnm 

 {5/o ' } <= ~, pnk(U)du -- 1 
k 

atnk <_-q+ e 

(by Lemma (3.2)) 

Ks 
q 

Letting e ~ 0 we get 

(4.24) lira i~12) = 0. 
2--* oO 

(2 --, oo) 

By (4.17), (4.18), (4.23) and (4.24) we get 

(4.25) lira It~ 1) = 0. 

By (4.14), (4.15), (4.16) and (4.25) we see that our theorem is true for g(u) e C[0, 1]. 

The continuous functions on [0,1] are dense in the space L[0,1], hence, as 

in the proof of Lemma (4.3) we see that our theorem is true for g(u) ~ L[0, 1]. 

Suppose now that G(0 is continuous and of bounded variation in i0,1] and 

absolutely continuous in each interval [6 ,1 -6 ]  (0 < 6 < ½). The rest of the 

proof follows now by estimating the integrals in (4.3) over [0, 6] and [1 - 6, 1) 

as in the proof of Lemma (4.3) and applying the first part of the proof to the the 

integrals over [ 6 , 1 -  6]. Q.E.D. 

5. Proof of Theorems (2.1) and (2.2). 

In the proof of Theorems (2.1) and (2.2) we use the following results about 
generalized Hausdorff transformations. 
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For a f ixed sequence {2,} (n > 0) of different numbers we 

divided differences of any two sequences {/~I)}, {#~2)} in 

E ~ , . . . , ~ U  = ~ E,,~', . . . ,~,pUD~,.. . ,~U for o ~ p =< n, 
k=p 

where i /~  3) . (~) .  t2) = /an /an • 

Proof. The proof follows by the definition of the divided differences and by 

induction on n,  n > p > 0 since the result is true for n = p > 0. Q.E.D. 

LEMMA 5.2. Suppose fl(t) is a normalized function of bounded variation 

in [0,1] satisfying fl(1) = 1. Denote 11 k = f~,?kdfl(t) (k >= o). We have (i) for 

O < c t <  1 and O < p <  k 

pkv(u)dU~(u ) = ( _  1)k_ , 2k___~_.V 1 1 

where qJo(U) = O, (0 < u < 1), Wo(1) = 1, W~(u) = 1 - (1 - u) ~ (ct > 0), 

O < u  < 1. (ii) We have f o r O < k < n  

(_1) ._  k 2~! (xka+=)g k ,x.+~x --,~! ~'"'" ~° 'Z  

1 f* 1 - fl(t) t 
r(1 + ~ ) r ( 1 - ~ )  3o t {fo (t--x)-~[P~k(x)x"l'dx} at 

= ~ if O = a < l  

fo [p.k(t)t]'dt if ~ = 1. 
fl(t) 

t 

Proof. S u p p o s e 0 < a < l .  F o r 0 < t <  1 a n d 0 < k ~ n  we have by (2.3) 

ot( t - X)-'[p,k(X)X~]' dx 

= ( - 1 )  ~-~ &--2~" (t - x ) W ( &  + ~)x "k÷~-~,...,(x~ + ~/~"-+~-~]dx 
2k! 

= F(e + 1)F(I - e ) ' ( -  1) ~-~ ~ !  rr~+'~t ~ ~a"+~t ~-i ,~k'-~,Lk 2~, I , ' " , t  ~.. ] J "  
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Multiplying both sides by [1 - fl(t)]/t and integrating over [0, 1] we get the second 

conclusion for 0 < a < 1. For a = 1 the proof is the same. The proof of the 

first consequence is similar. Q.E.D. 

LEMMAi 5.3. For O < k  < n we have [~ ,  ,~-~] =(--1)n-k(~,k'").n)-I 

Proof. The proof follows from (2.4) by induction. 

LEMMA 5.4. Suppose 0 < ~ < 1. Let fl(t) be a normalized function of 
bounded variation in [0, 1] satisfying fl(1) = 1. Then for n > 0 we have 

I 1 " ' 1 - fl(t) ' 

O < a < l  
(Hn(P)) = = 

n ( ~  1 - fl(t) 
ao + k=~l a(l) Jo t [pnk(t)t]'dt oc = 1. 

Proof. Suppose 0 < ~ < 1 .  We have for n > 0  

fo {fo } 1 ~, a (~) 1 1 - fl(t) (1--X)-~[Pnk(X)X']'dx dt 
a° + F(1 + a)F(1 - ~) k=l t 

n r r l  k -1 /-~ 
1 . E I I Z pk~,(u)X,aflW~(u)l Jo 1 - p(t) x 

=ao + F(1 +~)F( l_a )k= iL3o  p=l .J 

x {fot(t--x)-'[pnk(X)X~]'dx} 

(changing the order of summation) 

dt 

n[fol ]f 1 . E 2va v ~, pkv(U)dU/~(u) -f x 
= a°  + F(1 + a)F(1 -o~)v= 1 k=v 

(by I_emma (5.2)) 

- a o  + ~ ~,ap(-lr-~ ant ~, r(~t;)-l,...,(~q:)-, 1 ( ~ ; , )  ~ , . . . , ,  ~ J 
v=l 2k! k=v 

(by Lemma (5.1)) 

= ao + ~ 2 v a , ( - 1 ) " - '  2n'v [PP, ~ ]  
v=l 2v! L2p ' 

(by Lemma (5.1), (5.3) and by changing the order of summation) 
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= a o +  ~ ( - - 1 )  "-~ / " ! r  , £ k = 1 ~ L#k "", #,] a p = l  

= H,(fl). 

This proves our theorem for 0 __< o~ < I. The proof for ~ = I is similar. 

LEMMA 5.5 . Let fl(t) be a normalized function of  bounded variation in 

[0,1] satisfying fl(1) = 1. Then for  0 < k < n we have 

and 

Proof. We have 

fo [ fl(t)dt fo'' fo' 1 - f l ( t ) d t  i P.k(t)t] ' 1 - - t  =! p.k( t )[1-- f l ( t )]dt+ p.k(t) t 

(integrating by parts) 

+ . r  dt 
. . . .  p,,~(t)-- t- 

(by (4.5)) 

LJt \ u ]J + z k "  

The proof of the second result is the same. Q.E.D. 

LEMMA 5.6. / f  n(,~),l m(2) are positive integral valued functions satisfying 

(2.5), m(2) < n(2), and {2,} satisfies (3.1), and cq(~),m(a ) ~ q then 

lim ~ 1 1 
2oQO k=m+l ~ = log 

1.emma (5.6) is Lemma 2 of [10]. 

The following results are quite easily proved. 

LEMMA 5.7. Suppose y(u) is a function of  bounded variation in [0,1].  

Then for  each p ,  0 < p < 1, the function Fp(u) defined by 

f l  ~ Fp(1) = 
dy 

Fp(0) = 7(0+) y(y - 1)P ' 0. 

1 
Fp(u) "P f ?(v) . 

= . , - - [ v - u ) - P d v  ( 0 < u < l )  
.I,, v 
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is continuous and of bounded variation in [0, 1], absolutely continuous in each 

interval [-5, 1] (0 < 5 < 1) and 

f /  " - ' ' { ' ) '  J / [ f )  ( ~ ) ]  
1 (v - ,  a~ -~ - - )  = (v - u ) -"d  d u .  

1 - - p  

LEMMA 5.8. Suppose y(t) is a function of bounded variation in 1-0,1] and 

?(Off E L[O, 1]. Then for each a, 0 <= a < 1, the.Junction 

F(x) = t~d, - t ) -"  y(u) du u 

is absolutely continuous in [-0, 1]. 

For f ixed ~,q,  0 < a < 1 ,  O < q  < 1, the function F(x) 

f [  (t - x) -~ dt < < q), F(x) F(q) (q < x < 1) - -  ( O  X ~-- ~_. F(x) = t = = 

is continuous and of bounded variation in [0, 1] and absolutely continuous in 

each interval l-5, 1] (0 < 6 < 1). Also, the ]unction G(x) =- f~t'dF(t) is con- 

tinuous and o] bounded variation in [0, 1] and absolutely continuous in each 

interval [5, 1] (0 < 6 < 1). 

(1 - u ) - ' u ' -  Xdu LEIVIMA 5.10. For each a,0 < g < 1, the function H(x) =- -x o 

is Lebesgue integrable in [0, 1] and continuous in each interval [6,1] (0 < b < 1). 

Proof of Theorem 2.1. For n > m > 0 we have by Lemma (5.4) 

(5.2) H,(fl) - Hm(?) = 

(fo '1- fo'  • " 
-- Z a~)(r(1-~)F(1 + ~)) -~ B(t) t-x) [p,,k(x)x ] dxdt 

k = l  t 

fo f/ -- t (t - x)-'[p.k(X)X']'dxdt 

fo ~1 f '  + ~; a p ' ( r ( l - ~ ) r ( 1  + ~))-~ - fl(t) (t_x)_.[p.k(X)X~],dxdt. 
k = m + l  t 0 

Changing the order of integration and then integrating by parts, using Lemmas 

(5.7) and (5.8) and the fact that Lebesgue integrals do not depend on the value 

of the integrand at one point, we get 

LEMMA (5.9). 

defined by 
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fo ~-# j?,_~,-.~.~.,x.>~, 
f' ~r' (r' ~ )} (5.3) = - p.k(x)dx t =dt (u - t)-" du 

dO I d x  \ d r  

1 - ( ..~(x):4 ( f ' ( t -x) - 'a ,  ] 
.,o k.Y., t ] 

(and making the substitution ut = x in the last integral) 
1 1 , 

+ ~  :o;,,.,~-,(fT-.,-..-,+x. 
By simple computation we get 0 < a < 1 

foZ<~):~ (f'<, -:>-,~,) ' ,, - :o"m'X'~ (£~ 7:" ~') 
f '  (£ ' ( t  t_x)-" ) f f  (£'(1--.tx)-" 0 = p.k(x)x "do, dt + p,,k(x)x do  ̀ d 

(5.4) - £ t [ p . k ( q x ) -  pmk(X)](1 - x ) - ' x ' - X d x -  

By L e m m a  (4.1) we have for 0 < k < m 

fo'  t't dX fo [Pnk(qx)-Pmk(x)]d-d-d-~ = jop.,,(qx)x - lp,,~(x)dX 

f f  ~ 1 dx ,ix Jo P"~(x)-7 = p . ~ ( x ) - 7 -  

~ dx 
= - jq p .~(x)-~.  

(5.5) 

285 

+ £1p,,k(x) (1 - x) -~x ~- I dx 
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By (5.3), (5.4) and (5.5) we have for 0 < c~ < 1 

(5.6a) 

Israel J. Math., 

fo fo 11 - T(t) (t x)-~[pmk(x)x~]'dxdt 
t 

LP.k(X)d. { f o t ~ d , ( L  '(u ut)-'du) } -F(1-~)F(l+~) f 'p,a,(x)d(log~) 

L (r ; ) f o  1 1 l ( t - -  ) dt + - p,k(X)X~dx [p.~k(qX) -- p,.R(X)] (1 X) -~ X ~- ldx 
\ 6~X 

_ f)~.~x,_~.~,x,~(~ fo~l_.,-~.~-,~.)~x. 
For 0~ = 0 we get by Lemma (4.1) 

fo i l  - ~ fl(t) f j ( t -x)-~[p, ,k(X)X~]'dxdt  - 

(5.6b) fo fo 11 - Y(t) (t x)-~[pmk(X)X']'dxdt 
t 

= folPnk(X)d(fx 1 fl(U) d u ) -  folPmk(X)d(ff-~-(-(~du). u 

For a fixed k, 0 < k < m, we have by (5.6a) or (5.6b), by Lemma (3.2) (since 

for a fixed k > 0 and a given 6, 0 < 6 < 1, we have for n > N(6) e,,k < 6), by 

Lemma (5.8), Lemma (5.9), Lemma (4.3) and Lemma (5.10) 

(5.7) 

lim 
Jl-~ oO 

{ f ~ l --tfl(t) f o t ( t -  x)-~[p~k(X)X~]'dxdt - 

fo fo'~ 11 - ~(t) t-x)-~[Pmk(X)X~]'dxdt = 0 
t 

for k = 1,2, . . . .  
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We have by Theorem (4.1) and Lemma (5.10) for 0 < ct < 1 

(5.8) lim~.o0 k=, ~ ] fo  '[p"k(qx) -- p.k(X)](1- x)-~x~-'dx - 

Now by Theorem (3.1), (5.6a) or (5.6b), (5.8), Lemma (5.8) and Lemma (5.9) 

we get 

lira ( t - x)-~[p,k(X)X ~] ' dxdt 
2~oo k = l  t 0 

fo fo (5.9) _ • t 1 -tT(t) (t - x)-~[p,k(x)x ~]'dxdt I 

q 1 1 x /, / , l ( u _  t ) - ~  ' 

= I a~ ( fx,~a~(f (.-tr ~du)÷  foedtu~ ~ ou] 

- f~;~ ,.~,(f'(.-0 -~ ,:)~u)} I 
We have by (5.3) for n > m > 0  and 0 < 8 < q  

t fo ~1 - fl(t) fot(t-x)-~[p,k(X)X~]'dxdt] 
k = m + l  t 

f;  {fx 1 (ft 1 ) }  ] (5.10) < ~ ] p.k(X)dx t~dt (u - t )  -~ fl(U) du 
k = m + l  U 

+ fo ,(f) ) p.k(X)(1--x)- 'x'-ldx+o~ ~ jop,  k(X)x (1-u)-~u'-~du dx k=m+l k=m+l  

= si" + si~)+ s?). 

By Lemma (5.8) and Lemma (3.2) we get (as in the proof of (5.7)) 

(5.11) lim j(1) = 0. 
2-'*o0 

By Lemma (3.2) we get 

(5.12) lim j~2) = 0. 
)1.--~ o0 

By [8, (3.12), (3.13), (3.14)] we get 

(5.13) lim j~3) _- O. 
~,"'~ oO 
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Thus by (5.10), (5.11), (5.12) and (5.13) we have for each 6, 0 < 6 < q, 

 lfo fo' I o 1 - fl(t) [p.k(X)Xq O. (5.14) lira ( t - x )  -~ 'dxdt = 
~- - ,  oo k = m + l  t . 

Hence by [8, Theorem 2.2, (ii)], (5.14), (5.3), Lemma (5.8) we get 

fo fo 1 (5.15) lira ~. 11 - fl(t) (t - x)-'[p.k(x)x~]'dxdt = 
~.--*ct, k = r a + l  t 

= f ' x  ~ d. ( fx ' ( t - -x ) - ' l - - - t f l ( t )  dt [. 

By Agnew's theorem (see [8]), (5.2), (5.7), (5.8) and (5.15) we get the proof of 

our theorem. Q.E.D. 

Proof of Theorem (2.2): By Lemmas (5.4) and (5.5) we have for 0 < m < n 

n . ( f l )  - Bin(T) = 

= _ =, ' f .d(___d_)] - foPm,(Od [.I'ud (Y-~)] } 

fo + ~ at"  p.k(t)d 

Suppose now 0 < q < 1 or q = 1 and m(2) < n(2) for 2 > A. By [8, (3.26)] 

and the argument used there we get for n = n0.), m = m(2) 

/ 

(5.17) 
fo 1 If, t au d lim ~ p.k(t)d 

2~o~ k =m+ l 

--Xand m ~  < ° ~  ~ > A then ~:u I~( 1 - ~u~)  I = I ' - ~ 1 - 0 ~  I~ (where, if q 

We have 

= 1 - f l ( t ) -  f fl(U) du 
(5.18) gt \ u / .It u 

1 

f 'ud(Y(u)  l = 1 _ , ( y ) _  f ,(U) du. 
• I t  \ U ] d t  U 

For a fixed k > 0 we have lim . . . .  a.k = 0. Hence for each 6 > 0 we have for 
n > N(6) ot.k < 6 and by I.emma (3.2) and (5.18) we get 
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fo I fo' - } 1 [ f X u d ( f l ( u ) ] ]  < p , k ( t ) l d [ 1 - f l ( t ) -  ~ a u  P"k(t)d I .dt  \ - - - f f -]J  = , u 

< Y'k p.k(t) d [ 1 - f l ( t ) -  m u 

(5.19) = - ~  

l f l (u)  d u  ' 

--, 0, as 6~0. 

Hence we have for k = 1,2,. . .  

< , _  _ - o  
4-oo Ldt \ u ] J /  

By (2.3) we have p.m(t) = t ~" and p,.k(1) = 0 for  0 =< k < m .  

Also, the function ?1(0 is cont inuous at t = 1 and ? ( t ) =  ?z(0 + ?2(0 where 

?2(0 = 0 (0 =< t < 1), 72(1) = 7(1) -- y(1 -- 0). Hence 

] fo'P.dt)d[ ('ud(fl(u)l - ~'pmk(t)d[ f'Ud(L-(-~)] l 
k=l  L . I t  \ I I ]  L~t ] 

= k~o t fo'P:~(Od[f,'ud(~-)] - fo'P'~(Od[f"d(~-)]l 
1 1 1 1 (U 

(5.21) - I  fo p"m(t)d I_J, I f  ud(fl(u)t]-\ u ]l fo P''(t)d[f ud(~-)] [ 

+ I fo',,.(,)<, r<.,, f'ua(fl(")]]\ ,, ,,J _ fo',,.,o(t)a[~',,a(-~-)] I 

- £'p:o(O<~rt.,,t",,d('(")]] - \ .  , z  fo'P'°(od[f:'ud(~-t)][ 
I f  the function y(t) is absolutely cont inuous in each interval [6, 1 - 6](0 < < 6 < ½) 

f 'l?(t) I 
and dt  < • then by Theorem (4.1) we have 

0 t 

fo If k=O ] lud = (5.22) l im {p.,k(t)- p.k(qt)}d 0. 

~'1 B(t)] 
If, in addition dt < 0o and the function fl(t) is continuous at t = q, 

t 

then by the first alternative in the second conclusion of Theorem (3.1) we get 
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I 
'~~) : fo"l"f r'u~("<~)t- r'u.(~'~ 1/I ( dtlq \ U ] .It \ U ] J 

The functions fl(t) and ~l(t) are cont inuous at t = 0,  since the H.(fl) and/-/m(~) 

t ransforms are regular. Hence  by L e m m a  (3.2) we have 

(5.24) lima._>oo ]foXPn°(t)d[ J,fXud( fl(u)t~-]jt]- fo'P,,,o(t)d [Lj,f'ud(Y'(u)\ u ]ll]l = O. 

Choose ~ > O, e2 > 0 such that  fl(t) is cont inuous at the points q - e~, q + 52 < 1. 

We have by L e m m a  (3.2), since fl(t) is cont inuous at t = q 

fo~P.At)d[ ' 13(u) 

< E - Z p.,,,(t) ld 
k k 

(5.25) ~.k=<q+~2 .... ~q-~, 

+ f"+~ . [  r'.4~(u)ll vq-et .It \ U ]J 
- -  0 as el~,O, e2~O. 

Hence  

(' [r;<'(~(~)ll (5.26) lim p,,,(t)d 
z-+oo ~o Jt \ u ]J = 0 .  

N o w  by  Lebesgue ' s  dominated  convergence theorem for  Lebesgue-Stielt jes 

integrals we have, since ~l(t) is cont inuous at t = 1 

(5.27) lim pmm(t)d ud = (lim t~")d d(yx(u) ]] 
a-~oo ~oo LA ~---U---] j 

Also 

(5.28) lim o folPm,,(t)d [ f ,  lud (Y(~u u) )] 

= 0 .  

Yo' [; = (lim ta ' )d  ud 

-- y ( 1 - O ) - l .  
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Now by (5.21), (5.23), (5.24), (5.26), (5.27) and (5.28) we get 

.:, ' [i~"(~)] -fo~.(')"[f,d~)]j: 
(5.29) 

By Agnew's theorem (see [8]) ,(5.16), (5.20), (5.17) and (5.23) we get the proof 

of our theorem for assumption (a) and 0 < q < 1. For q = 1 and m(2) < n(2) 

(2 > A) the only difference in the proof is that we have to show that for m - m(2), 
n = n(2) we have now 

(5.30) lim ~ [ I q [folU (1U~ (-t~) ) , 4 0 0  k = m + l  I . 0  p,k(t)d d ] = I 1 - fl(1 - 0 ) (1 -0 ) l .  

We have for fl(t) = ill(t)+ f12(/) 

" fo' if u(  (5.31) • p,k(t)d d 1 -_fl(u) 
k = m + l  U 

)] 

= ,k=o j ~ -  k=O,~t[--fo'P"k(t)d[fl'(1)--flt(O +~S(U)du],lo u j +fo'P'k(t)d[f,~d(~)] 

By the second conclusion of Theorem (3.1) for So(t ) = s . , ( t )  = 0 we get 

~fo' [ fo '~'~ ]~ (5.32) lim ~ p.k(t)d f i t ( l )  - -  i l l( t)  + du = O. 
) . . . .  ~ k = m + l  U 

By (5.31) and (5.32) we get now 

fo' I f : (  )] lim p,,k(t)d d 1 - fl(u) 
. ~ Q o  k = m + l  I • t U 

(5.33) lim ~ fo 1 [ ~ ldu] = p,,k(t)d fl2(t)- 
) . ~  k=m+l Jt  lg J 

= lim ]~ 
;t --* ¢o k = m + l  

p,k(1)(fl(1) -- fl(1--0)) -- Jo f lP'k(t)t dt ] 
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(By Lemma (4.1) and the fact pnk(1) = 0 for 0 < k < n) 

~i I I 
= lim + Ifl(1) - f l ( 1 -0 )  - Z', l 

A--,oo k=m+l -~k 

(by Lemma (5.6) since q = 1 and (2.1)) 

= - f l (1  - 0 )  l .  

This proves our theorem for assumption (a) and q = 1, m ( 2 ) <  n(2) (2 > A).  

The proof of  our theorem for assumption (b) is similar. The proof of  the second 

part of  our theorem is similar, too. Q.E.D. 

REFERENCES 

1. R. P. Agnew, Abel transforms and partial sums of Tauberian series. Annales of Math. 
50 (1949), 110-117. 

2. H. Hadwiger, Ober ein Distanztheorem bei tier A-Limitirnag. Comment. Math. 16 (1944) 
209-214. 

3. G. H. Hardy Divergent series Oxford University Press (1949). 
4. E. W. Hobson, The theory of functions of a real variable, Chapter VI, Volume 1, § 376, 

Dover (1957). 
5. A. Jakimovski (Amir), Some relations between the methods of summability o f  Abel, Borel, 

eesaro, Holder and Hausdorff. J. d'Analyse Mathematique 3 (1953/4), 346-381. 
6. A. Jakimovski (Amir), The sequence-to-function analogues to Hausdorff transformations. 

Bulletin Research Counc. Israel. 8F (1960), 135-154. 
7. A. Jakimovski (Amir), Tauberian constants for the Abel and Cesdro transformations. 

Proc. Amer. Math. Soc. 14 (1963), 228-238. 
8. A. Jakimovski (Amir), and D. Leviatan, A property of approximation operators and 

applications to Tauberian constants. Math. Zeit. 102 (1967), 177-204. 
9. K. Knopp, Theory and applications of infinite series. Blackie and Son (London and 

Glasgow) (1944). 
10. D. Leviatan, Tauberian constants for generalized Hausdorff transformations. J. London 

Math. Soe. 43 (1968), 308-314. 
11. G. G. Lorentz, Bernstein polynomials. University of Toronto Press (1953). 
12. A. Meir, Limit-distance of Hausdorff-transforms of Tauberian series. J. London Math. 

Soc. 40 (1965), 295-302. 
13. A. Melt, An estimate for the difference of  Hausdorff transforms of Tauberian series. 

J. London Math. Soc. 42 (1967), 193-200. 
14. M. E. Munroe, Measure and integration. Addison-Wesley (Cambridge, Mass.) (1953). 
15. O. Szasz, Generalization of S. Bernstein's polynomials to the infinite interval. Collected 

Math. works, University of Cincinnati (1955) 1401-1407. 
16. D. V. Widder, The Laplace transform. Princeton University Press (1946). 

TF, L-AVIv UNIVERSITY, 
RA~'r-Aviv, TEL-AVIV 


